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ABSTRACT

Master of Science Thesis
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2014, 56 pages

In this thesis, decentralized controller design for time-delay systems is
considered. A necessary and sufficient condition, in terms of decentralized fixed
modes, for stabilizability of linear time-invariant (LTT) time-delay systems by
LTT time-delay controllers is given. Also, it is presented that a LTT time-delay
system can be stabilized by a LTI decentralized time-delay controller if and
only if it can be stabilized by a LTI decentralized finite-dimensional controller.
This condition extends a previously known fact for centralized control to de-
centralized control. Although stabilizability problem is considered in a large
perspective which includes neutral and retarded systems with commensurate-
and incommensurate-time-delays, decentralized controller design problem is
considered only for retarded commensurate-time-delay systems. At first, to be
used as a centralized controller design algorithm, the continuous pole assign-
ment algorithm is extended to design dynamic output feedback controllers.
Then, based on the decentralized pole placement algorithm, two decentral-
ized controller design algorithms are proposed. One of these algorithms is a
dynamic output feedback and the other algorithm is an observer based state

vector feedback design algorithm.

Keywords: Decentralized control; time-delay systems; dynamic out-

put feedback; decentralized fixed modes; pole placement.
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OZET
Yiksek Lisans Tezi

ZAMAN GECIKMELI SISTEMLERIN
MERKEZI OLMAYAN DENETIMi

Hiiseyin Ersin Erol

Anadolu Universitesi
Fen Bilimleri Enstituisu
Elektrik-Elektronik Miihendisligi Anabilim Dah

Danigman : Prof. Dr. Altug Iftar .
Ikinci Danisman : Yrd. Dog¢. Dr. Hakk: Ulag Unal

2014, 56 sayfa

Bu tezde, zaman gecikmeli sistemler i¢in merkezi olmayan denetleyici
tasarimi ele alinmigtir. Dogrusal zamandan bagimsiz (DZB) zaman gecikmeli
bir sistemin merkezi olmayan zaman gecikmeli denetleyiciler ile kararl kilina-
bilmesi i¢in merkezi olmayan sabit modlar cinsinden bir gerek ve yeter kosgul
verilmistir. Ayrica, DZB zaman gecikmeli bir sistemin merkezi olmayan DZB
zaman gecikmeli denetleyiciler ile kararhilagtirilabilmesi i¢in gerek ve yeter bir
kosulun sistemin DZB merkezi olmayan sonlu boyutlu bir denetleyici ile kararh
kilinabilmesi oldugu gosterilmistir. Bu kogul, merkezi denetlemede 6nceden
bilinen bir kogulun merkezi olmayan denetlemeye genisgletilmesidir. Kararhlas-
tirilabilirlik problemi daha genig bir perspektifte ele alinmasina kargin, merkezi
olmayan denetleyici tasariminda sadece orantili zaman gecikmeli geri-tipli sis-
temler ele almmugtir. Oncelikle, merkezi denetleyici tasariminda kullanilmak
lizere, siirekli kutup atama algoritmasi dinamik ¢ikt1 geri beslemeli denetleyi-
ciler tasarlanacak gekilde genisletilmistir. Sonrasinda, merkezi olmayan kutup
yerlestirme algoritmasi temel alinarak iki merkezi olmayan denetleyici tasarim
algoritmasi Onerilmigtir. Bu algoritmalardan biri dinamik ¢ikt1 geri besleme,

digeri ise gozlemci tabanli durum vektorii geri besleme tasarim algoritmasidir.
Anahtar Kelimeler: Merkezi olmayan denetleme; zaman gecikmeli
sistemler; dinamik cikt1 geri beslemesi; merkezi olmayan sabit modlar; kutup

atama.
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NOTATION

Real numbers

Complex numbers

Natural numbers with zero

Space of n-dimensional real vectors

Space of n-dimensional complex vectors
Space of k x [-dimensional real matrices
Space of k x [-dimensional complex matrices
Ring of polynomials in - with real coefficients
Ring of k x [ dimensional polynomial matrices in
al coefficients

Real part of s € C

Imaginary part of s € C

Closure of a set ()

{s € C| Re(s) < u} for p e R

{s € C | Re(s) > p} for p € R

{s € C|Re(s) > pu} for peR

Imaginary unit, i = —1

Identity matrix of appropriate dimensions

k x k identity matrix

Zero matrix of appropriate dimensions

k x k zero matrix

k x [ zero matrix

Rank of a matrix I"

Determinant of a matrix I’

Transpose of a matrix or vector I'

2-norm of a vector I'

Induced 2-norm of a matrix I"

Supremum norm

- with re-

Complex-conjugate transpose of a matrix or vector I'
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Inverse of a matrix I'

{1,...,v} for a positive integer v

A block diagonal matrix with blocks - - - on its diagonal
Banach space of continuous functions mapping the inter-

val [a, b] into R™ and equipped with ||-||,
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1. INTRODUCTION

1.1. Overview and Motivation

Many control systems may include time-delays due to the required
time to acquire information needed for decision making, to create and execute
control decisions, etc. [1-3]. Such systems, which involve time-delays in their
dynamics, inputs, and/or outputs, are generally called time-delay systems.

It is well known that the presence of time-delays may be detrimental
to the stability of systems, for instance, communication systems, biological
systems, mechanical systems, etc. (see [3] and reference therein). On the other
hand, the presence of time-delays may also be beneficial to the stability of some
unstable systems [4,5]. Therefore, in the controller design for a given system,
the existing time-delays, whether small or not, should be taken into account,
otherwise, the designed controller may not be successful in the stabilization of
the actual system or may exhibit poor performance. However, the controller
design problem for time-delay systems is a difficult task since these systems
are infinite-dimensional [1,6,7].

Some practical control problems may not be solved by conventional
methods in control theory, since the systems to be controlled may become too
large and the problems to be solved may become too complex [8]. Hence, the
notion of large-scale systems was required to be introduced. Since the notion of
large-scale is very subjective, more pragmatic views have been adopted instead
of formal definitions. From one point of view, a system is considered large-scale
if it is necessary to partition the given analysis or synthesis into manageable
subproblems for either computational or practical reasons [9]. From another
point of view, simply, a system is large when it requires more than one con-
troller [10]. As a result of both views, for many large-scale systems, decentral-
ized control is either preferable or necessary [11-15]. Decentralized controller
design problems for finite-dimensional systems have been studied in the past

four decades [16-29]. In decentralized control, the overall plant is controlled by
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several local control stations, i.e., control agents, which all together represent
a decentralized controller. In many applications, there are some constraints on
transfer of information between control agents and a full information access
is rarely possible for all the agents. In some cases, a total decentralization
is assumed where every control agent observes only local system outputs and
controls only local inputs [12]. Also, the effects of the time-delays are quite no-
ticeable in the control of large-scale systems where multiple time-delays can be
introduced by multiple sensors, actuators and controllers. Therefore, alongside
of the studies on decentralized control of finite-dimensional systems, problem
of decentralized control of large-scale time-delay systems is attracting attention
recently [8,30-39].

In the stabilization and mode placement of control systems the notion
of fired modes plays a central role. A mode of a LTI dynamic system which
remains fixed in the complex plane for all LTI static output feedback controllers
under given information constraints, is called as a fixed mode.

In centralized case, it was shown by Kamen et. al. [40] that a LTI re-
tarded time-delay system can be stabilized by a LTI dynamic controller (with
sufficiently large dimension) if and only if the system does not have any CFMs
in C{. In decentralized case, DFM notion was first introduced in [16] and
according to this notion, it was established that a necessary and sufficient
condition for stabilizability of a LTI decentralized finite-dimensional dynamic
system by LTI decentralized finite-dimensional dynamic controllers is that it
should not have any DFMs in CJ. Furthermore, the notion of y-DFM, which
corresponds to a DFM with real part greater than or equal to u, was intro-
duced in [37] where y defines the border of the relative stability region C,.
According to the relative stability region defined by pu, a LTI dynamic system
is said to be stable or p-stable if all of its modes are in C. Considering the
pu-DFM notion, it was established in [37] that a LTI decentralized retarded
time-delay system with commensurate-time-delays can be p-stabilized by LTI
decentralized finite-dimensional dynamic controllers if and only if the system

does not have any pu-DFMs in @:[. This result was a generalization of the
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result in [16] to retarded commensurate-time-delay systems. The same result
was generalized to retarded systems with incommensurate-time-delays in [38].
In [39], it was shown that the same condition is also necessary and sufficient for
p-stabilization of retarded time-delay systems by decentralized dynamic time-
delay controllers and it is also a necessary condition for the p-stabilization
of neutral time-delay systems. Furthermore, in the same work, it was shown
that sufficiency also continues to hold under some additional conditions. As
a well known result of Kamen et. al. [40], a LTI centralized retarded time-
delay system can be stabilized by a LTI time-delay controller if and only if
it can be stabilized by a LTI finite-dimensional controller. Extension of this
result to the decentralized case was given in [39]. In this thesis, based on
the given results in [39], studies will be carried on stabilizability of neutral
incommensurate-time-delay systems.

As a result of many studies on the control of time-delay systems, there
are many stabilization methods for centralized time-delay systems in the liter-
ature (see [5] and references therein for a wide survey). However, stabilization
methods for decentralized time-delay systems are relatively few. In [22], the
decentralized pole assignment algorithm was proposed for decentralized finite-
dimensional systems. In this algorithm, control synthesis proceeds in the con-
trol agent order and a centralized controller is designed for each control agent
sequentially. In this thesis, by utilizing this algorithm, decentralized controller
synthesis procedures for LTI retarded commensurate-time-delay systems will
be introduced. In these procedures, in order to design a centralized controller
for each control agent two different methods, which are based on continuous
pole placement algorithm [41], will be used. One of these methods is the exten-
sion of the continuous pole placement algorithm, which was proposed for static
state vector feedback controllers, to the dynamic output feedback controllers.
The other method is an implementation of the observer based continuous pole

placement algorithm.
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1.2. Thesis Outline

In Chapter 2, important background material and definitions are pre-
sented. In Section 2.1, an overview of the centralized neutral and retarded
time-delay systems is provided. In Section 2.2, the continuous pole placement
algorithm of Michiels et. al. [41], which is a centralized controller design proce-
dure, is introduced. In Section 2.3, the finite-dimensional decentralized system
and controller structures are presented and some required definitions are given.
Also, in this section, the decentralized pole assignment algorithm of Davison
and Chang [22], which is a decentralized controller synthesis algorithm for
finite-dimensional systems, is introduced.

In Chapter 3, representations and important properties of decentral-
ized neutral and retarded time-delay systems are given. Then the DFMs of
these time-delay systems with respect to different controller classes are char-
acterized and stabilizability of LTI decentralized time-delay systems by means
of decentralized LTI output feedback controllers is considered and the results
obtained in this regard are given.

In Chapter 4, decentralized controller design problem for LTT retarded
commensurate-time-delay systems is considered. In Section 4.1, a centralized
dynamic output feedback controller synthesis procedure is introduced. In Sec-
tion 4.2, a decentralized controller synthesis procedure, based on decentralized
pole assignment algorithm and the centralized controller synthesis procedure
introduced in Section 4.1, for LTI retarded commensurate-time-delay systems
is introduced. In addition to these procedures, in Section 4.3, an observer
based decentralized controller synthesis procedure, based on decentralized pole
assignment algorithm and the continuous pole placement algorithm, for LTI
retarded commensurate-time-delay systems is proposed.

In Chapter 5, two examples are presented in order to illustrate the
design approaches proposed in Sections 4.2 and 4.3.

In Chapter 6, the concluding remarks are given.
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2. BACKGROUND

In this chapter, background information and definitions to be used
in the subsequent chapters are presented. In Section 2.1, representation and
important properties of neutral and retarded time-delay systems are given. In
Section 2.2, the continuous pole placement algorithm of Michiels et. al. [41],
which is a centralized controller design procedure, is introduced. In Section
2.3, finite-dimensional decentralized controller structures are defined, some
required definitions are given, and, at the end of the section, the decentral-
ized pole assignment algorithm of Davison and Chang [22], which is a decen-
tralized finite-dimensional controller synthesis algorithm for finite-dimensional

systems, is introduced.

2.1. Time-Delay Systems

Consider a LTT time-delay system ., which can be defined as

g

#(t) + Z Bt —h) = (Aia;(t ~ hy) + Biu(t — hi))
=1 =0 7 (21)

y(t) = Z Cix(t — hy)

where z(t) € R", u(t) € R? and y(t) € R? are, respectively, the state vector,
the input and the output vectors at time ¢, 0 = hg < hy < --- < h,, are time-
delays where o is the number of distinct time-delays involved, and E; € R™*"
(i € ), Ay € R B, € R"”? and C; € R”" (i € {0} Ug) are constant
matrices. When the time-delays are integer multiplies of a common divisor
h > 0, i.e., h; :== ih, © € 7, then the delays are said to be commensurate.
Otherwise, they are called incommensurate. When there is no time-delay in
the derivative of the state vector, i.e., when E; = 0, Vi € 7, the system (2.1) is
said to be retarded. Otherwise, it is called neutral. Different from ¥, retarded
time-delay systems will be indicated by X,.

As in [1], let z(t;€) be the unique forward solution of the system X,
with initial condition £ € C([—h,, 0], R™), i.e., z(0;&) = £(0) for all § € [—h,, 0].
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Then, the state of the system > at time ¢ is given by the function segment
z(§) € C([—hy, 0], R™) defined as x(£)(0) = x(t + 6;&), 0 € [—h,,0].

Definition 2.1. For any given u € R, the set of u-modes of the system ¥,
described by (2.1), is defined as

Q,(X):={s € C|Re(s) > pand ¢5(s) =0} (2.2)

where ¢x(s) := det (Ay(s)) is the characteristic function of the system X,
where Ay (s) := sE(s) — A(s) is the characteristic matriz of the system ¥ and

E(s):=1+Y Ee®", Afs)=>» Ae . (2.3)
=1 =0

For retarded time-delay systems, Y., this characteristic equation can be written
as ¢y, = det (Ag(s)) where Ag(s) := sI — A(s) is the characteristic matrix

of the system X,.

An important difference between ¥ and X, is that, for any given finite
real 1, ©,(X,) is a finite set, whereas €2,(X) may have infinitely many elements
[2].

Now, we define p-stability.

Definition 2.2. For any given p € R, the system X is said to be u-stable if
Q- (X) = 0 for some € > 0. Furthermore, a controller K is said to p-stabilize
the system X, if the closed-loop system obtained by applying the controller K
to system X is p-stable.

For 1 < 0, the p-stability can be related with the exponential stability
of the system . System X is said to be exponentially stable if and only if
there exist constants > 0 and v < 0 such that for all £ € C([—h,, 0], R"),
z: ()], < Be €], [1]. By using arguments similar to those in [1], it can be
shown that the system ¥ is u-stable if and only if there exist constants § > 0
and v < p such that for all £ € C([—h,, 0],R™), ||z:(&)], < Be™ [[].

Definition 2.3. Spectral abscissa for the system ¥ is defined as follows

¢y :=sup {Re(s) | ¢n(s) =0} . (2.4)
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For neutral and retarded time-delay systems, respectively, > and ,., the spec-
tral abscissa always exists and is finite. Furthermore, for retarded time-delay
systems, there always exists (rightmost) modes such that the real parts of the

modes are equal to ¢y, [1].

Now, define the associated delay-difference equation of the system X2,

as follows
w(t) + Y Ea(t—h)=0. (2.5)
i=1

The characteristic equation of the associated delay-difference equation is given
by det(Ap(s)) = 0, where

g

Ap(s) =1+ Ee ™. (2.6)

i=1
The zeros of this equation are called the modes of the delay-difference equation
(2.5) and if all the modes are in C,., the delay-difference equation (2.5) is said
to be p-stable. Then, define the collection of the real parts of all the modes of
(2.5) as

Q2p :={Re(s) | det(Ap(s)) =0} (2.7)

and let the spectral abscissa c¢p be its supremum
cp :=sup{Re(s) | det(Ap(s)) =0} . (2.8)

The following result, obtained in [1], shows that the system ¥ fea-
tures chains of modes, whose position is determined by the associated delay-

difference equation.

Lemma 2.1. If a € 2p, with 2p defined by (2.7), then there is a sequence

of modes {s,}n>1 of ¥ satisfying

lim Re(s,) =a, lim Im(s,) =o00. (2.9)
n—oo n—oo
Proof. See Proposition 1.26 in [1]. O

As indicated in [1], according to Lemma 2.1, a necessary condition

for the p-stability of the system X, is the u-stability of the delay-difference
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equation (2.5). In the half-plane Re(s) > c¢p, the set of the modes of the
neutral systems has many properties similar to the retarded case. This can be

seen in the following lemma.

Lemma 2.2. For any € > 0, the system Y has only a finite number of modes

s
in C .

Proof. See Proposition 1.27 in [1]. O
Using Lemmas 2.1 and 2.2, the following theorem can be concluded.

Theorem 2.1. For any a € R, the system ¥ has only a finite number of modes
in Cl. for any e > 0, if and only if the associated delay-difference equation

(2.5) does not have any modes in C}.

Proof. If part of the proof follows from Lemma 2.2. To show the only if part,
assume that sy € C; is a mode of the associated delay-difference equation (2.5).
Then, by Lemma 2.1, there is a sequence of modes {s,, },>1 of ¥ satisfying (2.9)
with a = Re(sg), which means that for any ¢ > 0, there exists an N such that

s, € Cf,. for any n > N. This proves the only if part. n

Before ending this section, let us also present the following definition,

which was given in [5], to be used in the sequel.
Definition 2.4. For any given it € R, sy € ,(X) is said to be controllable if
rank SoE(So) — A(So) B(So) =n

and is said to be observable if

soF(s0) — A(sp)

rank B =n
C(s0)
where
B(s) == Z Bie™hi  Of(s) := Z Cie=hi (2.10)
i=0 i=0
8
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2.2. Continuous Pole Placement Algorithm

The main idea of continuous pole placement algorithm proposed by
Michiels et. al. in [41] is to shift the unstable modes (in C{) of a retarded time-
delay system to C; in a quasi-continuous way by applying small changes to
the static state vector feedback controller parameters. Applied small changes
to the controller parameters depend on the sensitivity of the rightmost modes,
which are desired to be shifted, with respect to the controller parameters. Con-
sider retarded time-delay system 3. which is defined in the previous section.
At first assume that the full state vector x(t) is available for measurement at
time .

The characteristic function of the closed-loop system, obtained by ap-
plying the static state vector feedback controller u(t) = Kxz(t), K € RP*™, to

the system .., is obtained as
O, (s) = det [s] — A(s) — B(s)K]

where A(s) is defined in (2.3) and B(s) is defined in (2.10). Now let s; € C be

a solution of the closed-loop characteristic equation ¢y x(s) = 0. Then,

(Sil — A(SZ) — B(SJK) V; = 0
(2.11)
where v; € C" is a non-zero vector and N(-) is a normalizing function, for
example one can choose N(v) = v*v. Let K € R" be the vector of i :=
pn parameters, l%l, .. .,l%ﬁ, of the static state vector feedback controller K.
Differentiating (2.11) with respect to 1" component l;:w (Y =1,...,7) of K,
a linear system of n + 1 equations is obtained in the n + 1 unknowns, which

are ds;/0k,, and the n components of dv;/dk,, as follows

- _ 0A(s;)  0B(sy) Ov;

sil —A(s;) — B(s) K ([— 95 os, K ) Ohy
ON (v;) 0 s

I, Ok,

B(Si)aTK’Ui
_ Ok,
0
9



@) ANADOLU UNIVERSITESI

Assume that & < n modes, s1,...,s;, which will be referred to as the

controlled modes, are desired to be shifted towards C;. Let O be

85’@-
Ty

O := [0:iy] € CF*™ where 6,,, =

which is called sensitivity matriz. Also, let AS{ := [As] ... AsfﬂT € CF be
the desired displacement of the k controlled modes. Assuming that AS¢ is in
the range space of O, the corresponding change AK for K can be computed
such that

OrAK = AS] . (2.12)

All elements of AK become real by choosing AS¢ such that complex-conjugate
modes remain as complex-conjugate pairs or both become real and no real
mode becomes a complex mode unless another real mode becomes its complex-
conjugate. When rank(©;) = k, a solution to (2.12), with minimal ||AK]|, can
be given by

AK = OIAS¢ (2.13)

where ©! is the Moore-Penrose inverse of ©y, [42]. In [41], it is indicated that,
with the new controller K + AK, the displacement of the controlled modes
will generically not be equal to ASZ, since (2.12) is obtained by linearization.
However, since it is also desirable to have modes close to the desired modes,
(2.13) is generally a good solution of (2.12) for a small AS¢. Furthermore,
when stabilization is of main concern, only the real parts of the complex pairs

need to be controlled. This leads to the modified formula of (2.13),
AK = Re(6;)'Re(AS]) (2.14)

where Re(AS,f) is the desired displacement of the real parts of the controlled
modes.

Secondly, assume that not the full state vector x(t), but only the
output y(t) of the system ¥, is available for measurement and the p-modes in

Q,(X,) are observable according to Definition 2.4. As indicated in [1], in order

10
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to apply the continuous pole placement method, an observer can be used. It
can be constructed as follows
i =3 (Az-:%(t — ) + Buu(t — hi)> LT (Z (C@(t - hi)) - y(t)>
=0 i=0
where L € R9*™ is the observer gain. Then, by defining the observer error
e(t) := z(t) — z(t) and by applying estimated state vector feedback wu(t) =

Kz(t), K € RP*" following equations can be obtained

g

i)=Y ((Ai + BiK)x(t — h) — BiKe(t — h@-))
=0 . (2.15)

é(t) = Z ((AZ +L7Cy)e(t — hi)>

i=0
Characteristic equation of the closed-loop system (2.15) is

sI — A(s) — B(s)K B(s)K
det B ~ =0.
0 sl — A(s) — LTC(s)
Because of the block-triangular structure, the separation principle is valid and

the modes of the system (2.15) consist of the controller modes which are the

solutions of

det (sI — A(s) — B(s)K) =0, (2.16)
and the observer modes which are the solutions of
det (sI — A(s) — L"C(s)) = det (s — A"(s) = C"(s)L) =0.. (2.17)

Thus the continuous pole placement method can be applied once to (2.16) to

obtain the controller gain K and once to (2.17) to obtain the observer gain L.

2.3. Decentralized Control

Contrary to a centralized control system, a decentralized control sys-
tem consists of several independent control agents, each of which measures only
a subset of all the outputs and decides only a subset of all the inputs, so that
the closed-loop system is u-stable, for some p € R (normally x4 < 0). Back-
ground information and definitions in the area of finite-dimensional systems

decentralized control are stated here.

11



@) ANADOLU UNIVERSITESI

Consider stabilizability of a decentralized LTI finite-dimensional sys-
tem Y with v control agents which is described as,
(t) =Ax(t) + Y Bju;(t)
j=1 (2.18)

y(t) =Cja(t), jew
where z(t) € R" is the state vector at time ¢t and u;(t) € R? and y;(t) € RY
are, respectively, the input and the output vectors at time ¢, accessible by the

4t control agent (j € ).

Definition 2.5. Consider the decentralized finite-dimensional system Y. Finite-

dimensional controller classes of interest are as follows:

1) K. : the class of centralized static LTI controllers is all the controllers of
the form:

u(t) = Ky(t) , (2.19)

where K € RP*? for p := Z;Zl Pj, q = Z§=1 qj, and

u(t) = [ ui (t) - ul(t) ]T € R (2.20)

T .
v = | o) - L) | R
2) K : the class of decentralized static LTI controllers is all the controllers
of the form:
u;(t) = Kjy;(t),  jev, (2.21)

where K; € RPi*9,

3) Kjy: the class of decentralized finite-dimensional dynamic LTI controllers
is all the controllers of the form:
%(t) = Fjz(t) + Giy;(t) iew. (2.22)
u;(t) = Hjz;(t) + KGy;(t)
where z;(t) € R™ is the state vector of the j* controller at time ¢ and
F;, G;, H;, and K; are appropriately sized real constant matrices. When

m; = 0, for all 7 € ¥, such a controller reduces to a decentralized static

LTI controller; thus, K¢ C Kg.

12
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In the stabilization and mode placement, an important notion, that
of fized modes, play an important role. Set of the fixed modes of the system

2] with respect to a given controller class is defined as follows.

Definition 2.6. For any given p € R, the set of u-fixed modes of the system
X with respect to the class of controllers K (where K may be K., K or Kg)

is defined as
A, (Y, K) :={se€ C|Re(s) > pand ¢5 x(s) =0, VK € K} (2.23)

where ¢ i (+) is the characteristic function of the closed-loop system obtained

by applying controller K to system X' defined in (2.18).

For any class of controllers K which includes the zero controller,
A2 K) C Q,(X) for any p € R. Here the zero controller is the controller
which applies u;(t) =0 (j € ©), for all ¢, independently of y;(t) (i € v). It can
be seen that each of the controller classes, K., K¢ and K¢, includes the zero
controller. When considering the controller class K., these modes are called
p-centralized fixed modes (u-CFMs). As for controller classes Kg and Ky, they
are called p-decentralized fixed modes (u-DFMs). It was shown in [16] that
A2 Ks) = AL (X, Ky). In addition, a necessary and sufficient condition for
p-stabilizability of the system J| is given by the following theorem, which was
presented in [16].

Theorem 2.2. For any i € R, there exists a decentralized finite-dimensional
LTI dynamic controller, i.e., a controller in class K¢, for the system X such

that all the modes of the closed-loop system are contained in C_ if and only if

ALY K) CC.

Decentralized controller design problem is based on separating the
overall problem into subproblems, where each problem is designing a controller
where only feedback from y; to u; is allowed, 7 € v. Under this approach,
in the decentralized pole assignment algorithm given in [22], a centralized

controller is designed for each control agent sequentially. Before giving this

13
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algorithm, which utilizes Theorem 2.2, let us define the following closed-loop
system structure.

Consider a LTT finite-dimensional decentralized system 3, which has
v control agents, S1,...,.5,. Suppose that decentralized controllers of the form
(2.22) has been designed for the first k control agents, where k& < v. Define
now the resultant system X for the local control agent Sy, with input wuy

and output yr,1 as follows

() = Dene(t) + Bt (t)

] (2.24)
Yr1(t) = Crgpame(t)
T
where n(t) = | 27(t) 2I'(t) ... zF(t) ] e R with mb = Z?:l myj,
_ N .
A+ S BK,C; BH, ... B.H,
j=1
Ak = G101 F1 e 0 ,
e 0 ... F |
and
i By )
Bk+1 = + , Ck+1 = Ck+1 qu+1><mk (225)

kapk+1

Main idea of the decentralized pole assignment algorithm is to design
stabilizing agents sequentially for assigning as many modes to C as possible
[22]. Assume that the DFMs of the system X are contained in C,. Decentra-

lized pole assignment algorithm in [22] is as follows:

Algorithm 2.1. Assume that the control synthesis proceeds in the control

agent order 1,2,...,v.

1) Using centralized synthesis, design the stabilizing agent Sy for Xy so that
all modes of the closed-loop system matriz Ay, except the CEMs of X,

are in Cu'

2) Using centralized synthesis, design the stabilizing agent Sy for Xy so that
all modes of the closed-loop system matriz Ny, except the CEMs of X1,

are in Cu'

14
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k) Using centralized synthesis, design the stabilizing agent S, for X1 so
that all modes of the closed-loop system matriz A, except the CFMs of

X1, are in C;.

v) Using centralized synthesis, design the stabilizing agent S, for X, 1 so
that all modes of the closed-loop system matriz A,, except the CFMs of

2,1, are in (C;.

It was proved in [22] that, for almost all control agents Si,...,S, 1,
it is possible to design an agent S, in step v, so that the overall system X,
is p-stable if and only if the original system X does not have any pu-DFMs.
In addition, as remarked in [22], whenever X, _; is u-stable at step &, it is
essential for the progress of the algorithm that a stabilizing static LTI controller
ug(t) = K,yx(t), still be applied, where K, € RP=*%_ The reason for applying
a static output feedback controller is to make sure that any p-modes of X,
which is not a u-DFM, is a controllable and observable mode of Y, for some
s > k. If such a feedback loop is not closed, some p-modes may appear as a
CFM in all the remaining steps so that they can not be moved towards C,.
Also, in general, the required order of the stabilizing agent S, increases as k
increases [22].

Based on this algorithm, decentralized controller synthesis procedures
for LTI retarded commensurate-time-delay systems will be proposed in Chap-

ter 4.
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3. CHARACTERIZATION OF DFMs FOR
TIME-DELAY SYSTEMS

In this chapter, representation and important properties of decentral-
ized neutral and retarded time-delay systems are given. Then, the DFMs of
considered time-delay systems with respect to different controller classes are
characterized and a necessary and sufficient condition for stabilizability of de-
centralized time-delay systems is presented. Then, the extension of the main
result of [40] to the decentralized case is given.

Consider the stabilization problem of a decentralized LTI neutral time-

delay system X¢ with v control agents described as,

o

() + Z Byt —h) = (Aix(t — h) + Z Bjau;(t — hi)>

=0

- (3.1)
yj(t):ZC’mx(t—hz), jzl,...,V
=0

where x(t) € R" is the state vector at time ¢,, u;(¢t) € R? and y;(t) € R% are,
respectively, the input and the output vectors at time ¢, accessible by the j**
control agent (j € v). Also, E; (i € 7), A;, Bj;, and C;; (i € {0} Ua, j € 1)
are appropriately sized constant real matrices and 0 = hg < hy < --- < h, are
time-delays, where o is the number of distinct time-delays involved. Some of
these delays may be commensurate, while others are incommensurate. When
E; =0, for all © € 7, the resulting retarded time-delay system will be denoted
by 4.

Definition 3.1. Consider the decentralized neutral time-delay system £¢. De-
fine the class of decentralized LTI time-delay controllers, Kq, which is all the

controllers of the form:

Pj ~ ~
Zi(t) = (Fj,z‘zj(t — hji) + Gjay;(t = hm’))

i=0 ] N A2 (3-2)
u;(t) = 20 (Hm-zj(t — hyji) + K5t — hm‘))

where z;(t) € R™ is the state vector at time t and 0 = hjo < hj; < ... < Bj,pj

are the time-delays of the j™ controller where p; € N is the number of distinct

16
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time-delays involved in the j™ controller. Also, Fj;, G;;, Hj;, and K;; are
appropriately sized real constant matrices. When p; = 0, for all j € v, such a
controller reduces to a decentralized finite-dimensional dynamic LTT controller;

thus, K¢ C Kq where K¢ is defined in Definition 2.5.

Similar to the finite-dimensional control classes Ky and K¢ which are
defined in Definition 2.5, for any given y € R, the set of u-DFMs of the system
Y¢ with respect to Kq is defined as

A, (5%, Kq) = {s € C|Re(s) > pand ¢gar(s) =0, VK € Kq} . (3.3)

Also, for the controller class Kq, A, (3%, Kq) C Q,(3%) for any p € R.

For a retarded time-delay system X4, it is indicated in [38] that sy €
Q,(29) is not a u-CFM if and only if it is both controllable and observable.
Although the proof of this result was presented only for retarded time-delay
systems, it is also valid for neutral time-delay systems as ¥¢. In order to deter-
mine AM(Z;?, Ky), a numerical procedure, which was originally proposed in [16]
for finite-dimensional systems and presented for retarded time-delay systems
in [38], may be used. This procedure gives the desired set with probability
1. As an alternative, an algebraic test, which was originally proposed in [19]
for finite-dimensional systems and presented for retarded time-delay systems
in [38], may also be used to determine A, (X¢, K). Advantage of this test over
the numerical procedure is the certainty of the given set. Also, in [39], it is
stated that this test can also be used for neutral time-delay systems at least

in the case when Q,(X9) is a finite set. The algebraic test is given by the

following lemma.

Lemma 3.1. Let Re(sg) > p. so € A, (Ed, Ks) if and only if there exists k €

{0} U v and {iy,... it} C U, where iy,..., i are distinct, such that

A(so) — s0E(s0) Bi(so) -+ Bi.(s0)
e, 0 0
rank H%(SO) ’ ' ' <n (3.4)
Oiy(SO) 0 s 0
17



@) ANADOLU UNIVERSITESI

where {igy1, ... 0, =0\ {i1,...,ix} and
Bj(S) = ZBj,ie_Shi, C_’j(s) = Z Cj,ie_Shi . (35)
=0 i=0

It should be noted that, when & = v (in which case {i,...,ix} = v
and {igi1,...,4,} = () this test becomes a test for controllability and when
k =0 (in which case {iy,...,it} = 0 and {ig11,...,0,} = D), it becomes a test
for observability of a mode which were given in Definition 2.4. It is also worth
to note that, since A, (29, Kg) C Q,(X7), this test need to be applied only for
so € ,(27). For ©¢, ,(X%) is a finite set and this test need to be applied for
finitely many sg. However, for £4, if Q,,(X¢) is not a finite set, this test need
to be applied for infinitely many sq to determine A, (X4, Ks).

Now some important lemmas are presented below.
Lemma 3.2. For any given 1 € R, A, (59, K;) = A, (29, Ky).

Proof. A, (34, K;) C A, (24, K¢) was proved in [38] and the proof for the
system ¢ is similar and it is as follows.
Let sop € A, (2% Ks). Then, from Lemma 3.1, there exists k € {0} U

and {iy,...,ix} C 7 such that

| A(so) — s0E(s0) Bi(so) --- Bi.(s0) _
rank C_’ikfl(so) 0 0 <n (3.6)
I C;, (s0) 0 e 0 |
where {ipy1,...,0y} == 7\ {i1,...,i}. Then, consider a controller K € K,

described as in (2.22). Characteristic function of the closed-loop system is
given by ¢ga z(s) = det(®(s)) = 0 where ®(s) is the the characteristic matrix

of the closed-loop system given as

[ E(s) — A(s) — ; By(s)K;Cy(s) —Bu(s)Hy _By(s)H, |
CI)(S) _ —Gl.(jl(s) SIml — F1
I ~G,C,(s) sln, = F, |
18
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Now, assume that sy ¢ A, (X% K¢) which means that, ¢y z(so) # 0 for some

K € K. By arranging the rows and columns of ®(s), this means that, for

some K € Ke,
M (s0) —Bi,(s0)Hi, --- —By(s0)H,
_Gik+1éik+1 (SO) 0 0
rank ((I)(so)> = rank ~G;,C;,(s0) 0 0
_G'Llc_’ll (SO) SIm” - E1 0
_Bik+1 (50>Hik+1 _Blu (SO)Hiu
s[mik+1 Fi ., 0
0 sly, —F, =n+m
0 0
0 . 0

where m = 7" m;, and M(s) := sE(s) — A(s) —

deleting last m;, + - - - +m;, rows and last m;, , +---

inequality can be written

rank <(I>(SO)> <m

M (s0) — B, (s0)H;,
4 rank _Gik+1 C._Yilwrl (80) 0
—G,,Ci, (s0) 0

This inequality can also be written as follows

I, _Bik+1Kik+1
0 -Gy,
rank (@(so)> < m + rank R
0 0
19
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soE(so) — A(so) Bi,(s0) -+ B, (s0) I 0 . 0

Cik+1(50) 0 T 0 _Ki1Ci1 (50) _Hil 0

Ciu(SO) 0 cee 0 *Kikcik (So) 0 7Hik

and this yields

SOE(SO) - /_1(80) Bz‘l(so) T Bik(é‘o)
C; 0 .- 0
rank (Cb(so)> < m + rank i (%0)
Ci, (s0) o .- 0

Then, from (3.6), for all K € K¢, rank (®(sg)) < n + m. This result is in
contradiction with (3.7). So, by contradiction, A, (34 Ks) C A, (X% Kg).
Also, since Ky C K¢, a mode which can not be moved by any con-
troller in K¢, can not be moved by any controller in K. Thus, A, (Ed, Ks) D
A, (B4 Ky). [

Lemma 3.3. For any giwen 1 € R, A, (Zd, Kf) =A, (Zd, Kd).

Proof. Consider the system X¢ and a controller K € Kq, described as in (3.2).
Let m =7, m; and define

{}ALO’ <y in} = U{BJ}O? R Bj:ﬂj} )
j=1

where ﬁo =0 and ﬁl, cee ﬁp are all non-zero and distinct, and p is the number

of distinct time-delays involved in all control agents. Next define
A F‘jJq 5 lf }ALZ - ;Lch
Oy s if 2 & {0y s Ry, )

and

A

E:bdlag |:F17i7...,ﬁ,,7ii| 5 ZG{O}UIB

éi, ]f[i, and IAQ can be defined similarly. Then, let

) K, H,

Kiw=|
Gi F
20
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and K¢(s) :== 7, e=shi ¢, Also, define

. E(s 0 . Als 0
By e | B0 A= [0
00, 0 0, |
and ~ _ _ _
A Cls 0 . B(s 0
coym | €0 e 2 [P0
0 L 0 L.

B(s) == [ Bi(s) ... B,(s) } , C(s) == [ Cl(s) ... CI(s) ]T

where Bj(s) and C;(s) (j € 7) are defined in (3.5). Then, the characteristic

function of the closed-loop system is given by

A A A

s rc(s) = det [sEe(s) _ Ac(s) — B@(S)Ke(s)ce(s)} .
Now, consider so € A, (X% K¢). Then,
det [30E6(30> — A%(s) — Be@o)f%gé%so)} ~0 (3.7)

for any K¢ € R™P)x(m+9) with the above defined structure. However, since
so is fixed, K ¢(sp) is also a fixed matrix which has the same structure as Ko,
except that KS is assumed to be real, whereas K ¢(s¢) may be non-real for a
non-real sy. However, if (3.7) holds for all real K, with a given structure, then
it should also hold for all complex K, with the same structure. This implies
that ¢sa x(so) = 0. Thus A, (X4, K¢) C A, (29, Kq). On the other hand,
since K¢ C Kg, a mode which can not be moved by any controller in Kq, can

not be moved by any controller in K¢. Thus, A, (Ed, Kf) DA, (Zd, Kd). O]
Lemma 3.4. For any given p € R, A, (4, K;) = A, (24, Ke) = A, (89, Ka).
Proof. Follows from Lemmas 3.2 and 3.3. O]

It was established in [16] that a necessary and sufficient condition
for stabilizability of a LTI decentralized finite-dimensional dynamic system

by controllers in Ky is that the system should not have any DFMs in C{.
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Also, it was shown in [38] that a necessary and sufficient condition for p-
stabilizability of a LTI retarded time-delay system ¢, by controllers in Ky is
that the system should not have p-DFMs with respect to the controller class
K. This condition was generalized for time-delay controllers characterized by
Kq in [39] and it was shown that the necessity of this condition also continues
to hold for LTI neutral time-delay systems as X¢. For the sufficiency of this
condition, the proposed border of the stability region on the complex plane p
must be greater than or equal to ¢p + € for some € > 0 where cp is defined in
(2.8). Under this assumption, the LTI neutral time-delay system has only a
finite number of modes in C: and sufficiency also continuous to hold.

According to these results, the following theorem can be concluded.

Theorem 3.1. For a given p € R, there exists a p-stabilizing controller K €
Kaq for the system X% if and only if u > cp+e for some € > 0 and A, (X9, Ks) =
0.

Proof. First consider the closed-loop system obtained by applying a controller
in Kq to ¥¢. Characteristic equation of the associated delay-difference equa-

tion of the closed-loop system can be given as

Lo+ > Ee—h 0 o
det i=1 = det ([n + Z Eie_Shi> =0. (3.8)
0 I, i=1

Since the modes of the associated delay-difference equations of ¥ and of
the closed-loop system are equal, u-stability of the associated delay-difference
equation of the closed-loop system is equivalent to the p-stability of the the as-
sociated delay-difference equation of 3¢. Then, from Lemma 2.1, there exits a
controller K € Kq which p-stabilizes the system 3¢ only if & > ¢p + € for some
e > (0 where cp is the spectral abscissa, i.e., supremum of of the real parts of the
roots of (3.8). Given this is true, assume that A, (£% Ks) # 0, so there exists
so € Ay, (27, Kg). Then, according to Lemma 3.4, sp is also in A, (39, Kq).
This implies that ¢sa g (s9) = 0 for all K € Kq. This means that there is no
p-stabilizing controller in Kq for the system X7 Thus, A, (Ed, KS) =0isa
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necessary condition in order to find a p-stabilizing controller K € Ky for the
system L7

To prove the if part, first note that it was proved by Momeni et.
al. [38] that there exists a 0O-stabilizing controller K € Ky for the retarded
time-delay systems as X2, if and only if A,(3,Ks) = 0. This result is based
on the main result of Kamen et. al. [40] and also all the arguments there are
also valid for p-stability instead of O-stability for any finite real p. In [40],
it has been shown that a LTI centralized retarded time-delay system can be
stabilized by a LTI time-delay controller if and only if it can be stabilized by a
LTT finite-dimensional controller. Using the results of Emre and Knowles [43]
for neutral time-delay systems, it can be shown that the main result of Kamen
et. al. [40] is also valid for neutral time-delay systems as ¥¢, which has finitely
many modes in @:{_E for some ¢ > 0. Then, from Theorem 2.1, it can be said
that ©¢ has finitely many modes in @:[_6 for some € > 0, if and only if the
associated delay difference equation (3.8) is u-stable. This condition can be
achieved by choosing p > ¢p + € for some € > 0. Also, as it was mentioned
above, the set of the modes of neutral systems has many properties similar to
the retarded case. So under the assumption of u > c¢p + € for some ¢ > 0,

the if part of the present theorem then follows from the result of Momeni et.

al. [38], since Ky C Kg. O

Based on these results, decentralized counterpart of the main result

of [40] can be obtained as follows.

Corollary 3.1. For a given u € R, there exists a controller K € Kq which
u-stabilizes the system 4, if and only if there exists a controller K € Kg which

u-stabilizes X7,
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4. DECENTRALIZED CONTROLLER
DESIGN BY CONTINUOUS POLE
PLACEMENT METHOD

The objective in this chapter is to introduce controller synthesis tech-
niques to design decentralized controllers, so that the closed-loop system is
u-stable, for some given real p. In these methods, to remove the fixed-modes
stemming from structural reasons, which will be called as structural fized
modes, the stabilization algorithms will be applied only to structurally con-
trollable and observable part of the systems. For this reason, all the methods
which will be introduced in this chapter, are for systems with commensurate-
time-delays because a decomposition which gives the structurally controllable
and observable part of a system with incommensurate-time-delays has not
been investigated in the literature. Also, only the stabilization of the retarded
time-delay systems are considered in this chapter. The reason behind this is
that the neutral time-delay systems may have infinitely many p-modes and
this causes difficulties in finding the py-modes of these systems. In Section 4.1,
a centralized dynamic output feedback controller synthesis procedure is pro-
posed. In Section 4.2, a decentralized controller synthesis procedure, based on
decentralized pole assignment algorithm and the centralized controller synthe-
sis procedure introduced in Section 4.1, is proposed. In Section 4.3, an observer
based decentralized controller synthesis procedure, based on decentralized pole
assignment algorithm and the continuous pole placement algorithm, for LTI

retarded commensurate-time-delay systems is proposed.

4.1. Centralized Dynamic Output Feedback Controller

Design

As it was mentioned in Section 2.2, continuous pole placement al-

gorithm was originally presented for static state vector feedback controllers.
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However, in decentralized control, the whole state vector is not generally avail-
able to any control agent. Furthermore, using static feedback almost never
produce useful results to control a decentralized time-delay system. The al-
gorithm introduced in the present section is the extension of the continuous
pole placement algorithm to the case of centralized dynamic output feedback
controllers.

Consider a centralized retarded commensurate-time-delay system de-

scribed as

[

TOESY (A,;x(t — hy) + Byt — hi))
=0 , (4.1)

g

y(t) =) Cia(t — hy)

=0
where x(t) € R™, u(t) € R? and y(t) € R? are, respectively, the state, the input
and the output vectors at time ¢ and, h; = th (i € {0} U7) are commensurate-
time-delays with a common divisor h > 0. Also, A, € R™", B, € R™?
and C; € R?*™ are constant real matrices. In order to obtain a more compact
representation of (4.1), a delay operator 7, can be defined as (7 f)(t) := f(t—h)
for any real valued function f of time ¢. Then, the matrix operators with

elements in R[7] can be defined as

A(T) = ZAiTi , B(r):= ZBﬂ'i , C(1) = ZOiTi . (4.2)

(4.3)

Then, consider the LTI centralized finite-dimensional dynamic con-

trollers of the following form:

2(t) = Fz(t) + Gy(t)
u(t) = Hz(t) + Ky(t)

(4.4)

where z(t) € R™ is the state vector of the controller at time ¢, and F' € R"™*™,

G e R"™4 H e RP*™ and K € RP*? are the matrices of the controller which
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are structured in a canonical form (e.g., see Chapter 6 of [44]). Note that when
the controller dimension m = 0, such a controller reduces to a centralized static
output feedback controller defined in class K. Also, by using the controller

matrices, define

ke | B H | gontnixmeo

G F
In [40], it was shown that there exists a p-stabilizing controller of the form
(4.4) (with sufficiently large dimension) for a system of the form (4.1) if and
only if the system does not have any u-CFMs. However, in a decentralized
framework, even though the overall system does not have any u-DFMs, the
system from a particular input channel to the corresponding output channel
may have u-CFMs. In order to remove pu-CFMs which may be stemming from
structural reasons, this centralized stabilization algorithm should be applied
only to structurally controllable and observable part of the given system. To
identify the structurally controllable and observable part, it is required to

present the following definition and lemma from [45].

Definition 4.1. The system (4.3), equivalently the pair (A(-), B(+)), is said

to be structurally controllable if the matrix

is full rank over R[7]. Also, the system (4.1), equivalently the pair (C(-), A(-)),

is said to be structurally observable if the matrix
CT(r) AT(CT(r) .. (AT()" T CT(r)]

is full rank over R[r]. Furthermore, the triple (C(-), A(-), B(-)) is said to be
structurally controllable and observable if the pair (A(-), B(+)) is structurally
controllable and the pair (C(-), A(+)) is structurally observable.

Lemma 4.1. Consider the system (4.3). There ezist a unimodular trans-

formation matriz T(1) € R™"[r] such that the transformed system has the
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following canonical form

Teo(t) Aeo(T) 0 Aqz(T) Teo(t) Beo(T)

de(t) | = | Aor(7) As() Ass(7) ze5(t) | + | Bes(r) | ult)

Ta(t) 0 0 Ag(1) xs(t) 0

- - - T . - (4.5)
Teo(t)

y(t) = | Cuo(1) 0 Ca(7) | | weolt)

where the triple (Ceo(+), Aco(+), Beo(+)) is structurally controllable and observ-

able. Furthermore, the system (4.3) is zero-state equivalent to the system

jjco(t) = ACO(T)xco(t) + BCO(T)U’(t)

Y(t) = Ceo(T)Zeo(t)

(4.6)

which 1s both structurally controllable and observable.
Proof. See [45]. O

The system (4.6) will be referred as the structurally controllable and
observable part of the system (4.3). The modes of the rest of the system, i.e.,
the roots of

det [ | 17 Aels) () ~0, (4.7)
0 sl — Ag(s)

will be called structural fived modes of the system where A.;(s), Ays(s) and
Ag(s) are respectively obtained from the operator matrices A.5(7), As3(7), and
Ag(7), appearing in (4.5), by replacing the operator 7 by the function e~
Note that, any structural fixed mode is a CFM of the original system (4.1).
Unlike, finite-dimensional systems, the structurally controllable and observable
part may still have fixed modes, which are also CFMs of the original system

(4.1). These modes will be called unstructural fized modes.
During the continuous pole placement algorithm, when a controlled

mode approaches to a fixed mode, the sensitivity of the controlled mode with

respect to changes in the controller parameters become considerably small

27



IVERSITESI

@) ANADOLU UN

and this causes very large changes in the controller parameters even for very
small desired displacements for the controlled modes. This is one of the major
reasons for the failure of the continuous pole placement algorithm. By using
the transformation given in Lemma 4.1, structural CFMs can be separated
from the system. Thus, this problem will be avoided for structural CFMs by
using only the structurally controllable and observable part in the stabilization
algorithm instead of the whole system. However, even if such a decomposition
is done, there may exist unstructural p-CFMs in the structurally controllable
and observable part of the system. It should be noted that, presence of a real
unstructural u-CFM on the left side of any real controlled mode may result in
the failure of the stabilization algorithm. Because, when only the real parts of
modes are controlled, approach of a real mode to an unstructural p-CFM may
cause sensitivity matrices with considerably small norms which result in very
large changes in the controller parameters. Also, a similar situation may occur
for any real transmission zero in @:[, which are located on the left side of any
real controlled mode. Similar to the previous case, when only the real parts of
modes are controlled, approach of a real mode to a real transmission zero in C:
may also cause sensitivity matrices with considerably small norms. In order to
avoid these situations, define a set W, which contains all the real unstructural
1-CFMs and real transmission zeros in C:[. If ¥, is not an empty set, while
moving the controlled modes towards C,, they must be forced to go around
any member of ¥,. That is, any real controlled mode on the right side of any
member of W, must first be combined with another real controlled mode to
form a complex-conjugate pair. Then, one of these modes must first be moved
upwards, and the other one downwards on the complex plane, before moving to
the left, one passing from above, and the other one from below the member of
V.. For this, however, there must exist an even number of real modes between
any two members of ¥, and to the right of the rightmost member of ¥,,. If the
given system does not satisfy this condition, then controller parameters must
be initialized such that real controller modes are added wherever needed.

Before presenting our algorithm, following definitions are required to
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define the closed loop system structure. First define

. A(s) 0 , Beo(s) 0
Azo(s) = ) BgO(S) = )
0 0, 0 I,
and
A C.(s) 0
ers) = | 0
0 L,

where A.(s), Be(s), and C,(s) are respectively obtained from the opera-
tor matrices A (7), Beo(T), and C.(7), appearing in (4.6), by replacing the
operator 7 by the function e~"*.

Now consider the controller (4.4) with m := m(p+ q) + pq free param-

eters. Let K¢ € R™ be the vector of the free parameters, l;f, ..., kg, of the
controller (4.4). Then, the characteristic function of the closed-loop system,
obtained by applying the controller (4.4) to the system (4.6), is then obtained
as

O 1c(5) = det [ s — At (s) = BL,(s)K°Cly(s)] - (4.8)
Therefore, finding a p-stabilizing controller (4.4) for (4.6) is equivalent to find-
ing a parameter set K¢ € R™ such that all roots of ¢z x(s) =0 arein C,.

Now, let s; € C be a mode of the closed-loop system, i.e., ¢x x(s;) = 0.
Then,

(57 = Aty(s) = B (i) K“Ctylsi) ) v = 0
(4.9)
where v; € C"°™™ is a non-zero vector, where n., is the dimension of .,

in (4.6), and N(-) is a normalizing function, for example, one can choose

N(v) = v*v. Differentiating (4.9) with respect to a controller parameter l;;fp

(w =1,... ,m), a linear system of n., +m + 1 equations is obtained as follows
. R X v
(s = Aty(s) = Be,(si) K“Clyls1) ) =
Ok,
DA (s;) OB (s;) ., . aCe (s;)\ Os;
I — co o co KeCe D) — B¢ ; K¢ co —

- <E§o<si)aa%éceo(si)> v; =0

¥
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and

Y

(22120
v, a;&i
with ne +m + 1 unknowns, where the unknowns are ds;/ 8/53 and the n., +m
components of Jv;/ 8/%2}

Assume that the modes sq,...,s; (kK < m) are desired to be shifted
towards C,. In the sequel these modes will be referred to as the controlled
modes. Now define the sensitivity matriz Oy, as follows

aSZ‘
oke,

Ok := [0;.4] € CH™ where 0, , = (4.10)

Let ASY := [As{ ... AsﬂT € C* be the desired displacement of the k con-
trolled modes. Assuming that Ag,‘j is in the range space of Oy, the correspond-

ing change AK® for K¢ can be computed from
OLAK® = ASY . (4.11)

We note that AS¢ must be chosen such that all elements of AK® are real. This
is achieved by choosing Agg such that complex-conjugate modes remain as
complex-conjugate or both become real and no real mode becomes a complex
mode unless another real mode becomes its complex-conjugate. As in [41],

when rank(©y) = k, a solution to (4.11), with minimal ||AK¢||, is given by
AK® =0 A5 (4.12)

where O is the Moore-Penrose inverse of €}, (see [42]).
Now the basic algorithm for designing a centralized dynamic output

feedback controller, is as follows.

Algorithm 4.1. Centralized dynamic output feedback controller design algo-

rithm by continuous pole placement method
1) Initialize controller dimension m (see Remark 4.1 below).

2) Initialize K¢ € R™, where 1 = m(p + q) 4+ pq (see Remark 4.1 below).
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3) Compute (e.g., by the method proposed in [46]) the roots of (4.8) with
real parts greater than or equal to (u—¢€) for some € > 0. If there are no
roots with real parts greater than or equal p, stop: p-stability is achieved
with the current K¢. Otherwise, let n be the real part of the rightmost
root and k be the number of roots with real part greater than or equal to
n —e (note that k > 1). If k > 1, increase m so that k < m and go to
step 2. Otherwise, define the rightmost k roots as the controlled modes

and continue with step 4.
4) Compute the sensitivity matriz, Oy, defined in (4.10). Let p := rank (Oy).

5) If p = k, choose the desired displacement of the k controlled modes,
AS,?, such that all k controlled modes move towards C,; (see Remark 4.2

below). Compute AK® by (4.12) and go to step 7.

6) If p < k, check if a ASg in the range space of O can be chosen so that
all k controlled modes move towards C,; (see Remark 4.2 below). If so,
using this AS’,‘?, compute a suitable AK® which satisfies (4.11) and go to
step 7. Otherwise, increase the controller dimension m by one and go to

step 2.
7) Update K¢ as K¢+ AK® and go to step 3.

Remark 4.1. If the set ¥, is empty, initialize the controller dimension as m =
0 and the vector of the free controller parameters as K¢ = 051 Otherwise,
initialize appropriate controller dimension and parameters to make sure that
there exists an even number of real modes on the right side of the rightmost

member of ¥, and between any two members of W,,.

Remark 4.2. If the set ¥, is not empty, desired displacements of the con-
trolled modes must first be chosen to form complex-conjugate pairs by com-
bining the real controlled modes on the right side of any member of W,.
Then, for each complex-conjugate pair, by choosing the desired displacements
in complex-conjugate pairs, one of the modes forming the pair must first be

moved upwards, and the other one downwards on the complex plane, before

31



@) ANADOLU UNIVERSITESI

,» one passing from above, and the other one from below

moving towards C

any member of ¥,,.

4.2. Decentralized Controller Design

The objective in this section is to design p-stabilizing decentralized

controllers for the system described as

(e

=0

- (4.13)
y](t) = Z ijﬁﬂ(f — hl), ] ev
=0

where z(t) € R™ is the state vector at time ¢, u;(t) € R? and y;(t) € R% are,
respectively, the input and the output vectors at time ¢, accessible by the j**
control agent (j € v). The matrices A; € R™*", B;; € R"*?i and C}; € R%*"
are constant real matrices and h; = ih, (i € {0} Ud), are commensurate-time-
delays with a common divisor A > 0. Similar to (4.3), using the delay operator
7, this system can be compactly represented as

i(t) =A(r)a(t) + ) Bj(r)u(t)
j=1 : (4.14)

yi(t) =Cj(r)z(t), jev
where
Bj(T) = Bj70 + Z BjJ'Ti, Cj(T) = Cj,g + Z Cj,ﬂ'i,
i=1 i=1
for j € v, and A(7) is defined in (4.2).
The controllers which are considered in this section are in class Kg,

described as (2.22). Now suppose that decentralized controllers of the form

(2.22) has been designed for the first k£ control agents, where k < v. Let

k k k
mh = Zj:l myg, pk = Zj:l by, qk = Zj:l q; and define

) R T
B =B .. B ]. GEO=[cin . dm] .
and
. AT 0 . Bi(r 0 A Ci(r 0
imy= | 0 = | P g | T ]
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Also, define the controller matrix

K¢ = S I (4.15)
Gr Fy

where

Fy:=bdiag (Fy,...,F,) , Gy:=bdiag(Gy,...,G) ,
) ) (4.16)
Hk = bdlag (Hl,...,Hk) s Kk = bdlag (Kl,...,Kk) .

Then, the resultant system, ¥y, for the (k+ 1) local control agent, with input

U1 and output yg.1, is described by

By (7)

&(t) = (A5(r) + Ber) KiCi(n) ) &lt) + ()
Ok xpps (4.17)
Z/k+1(t) = [CkH(T) quHka} fk(t)
T k
where &.(t) := [ :UT(t) le(t) zg(t) ] € R™™" Since Y, is a central-
ized control system for £k = 0,...,v — 1, as in Lemma 4.1, 3, can be decom-

posed. Structurally controllable and observable part of ¥, will be denoted by
.
Now the basic algorithm for designing a p-stabilizing overall decen-

tralized controller for the system (4.14), is as follows.

Algorithm 4.2. Decentralized dynamic output feedback controller design al-

gorithm by output continuous pole placement method

1) Fixz upper limits, my, ..., m,, on the dimensions of the decentralized con-

trollers.
2) Let k= 0.

3) If ¥ is p-stable, let myy1 = 0 and choose a random non-zero Ky €
RPE+129k+1 gych that the closed-loop system obtained by applying the static
output feedback ugi1(t) = Kipi1yri1(t) to 352 is p-stable (by the conti-
nuity of the modes with respect to the feedback gains, there exists such a

Ky - see [47]) and go to step 5. Otherwise, continue with step /.
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4) Apply Algorithm 4.1 to 2 to design a controller of the form (2.22) with
| = k + 1 of dimension not greater than my.1 to p-stabilize it. If such
a controller can not be designed, use the last controller with dimension

My+1 which moves as many controlled modes as possible towards C,, .
5) If k=v—1, go to step 6. Otherwise, set k =k + 1 and go to step 3.

6) If the overall closed-loop system X, is p-stable, stop: the desired de-
centralized controller has been obtained. Otherwise, increase the upper

limits, mq, ..., m,, and go to step 2.

This algorithm is an extension of the decentralized pole assignment
algorithm of Davison and Chang [22] to the time-delay case. In the algorithm,
the extension of the continuous pole placement algorithm, which is given by
Algorithm 4.1, is used as the centralized controller design algorithm at each
step. To avoid using unnecessarily high-dimensional controllers for the lower
indexed control agents, in the first step, upper limits on the dimensions of the
decentralized controllers are defined. In the third step, even if the resultant
system is stable, it is essential to apply a p-stabilizing controller. It is indicated
in [22] that if at least a static output feedback loop is not closed at each step,
some p-modes of the overall system may not appear as the modes of ¥§° in
the remaining steps, even if they are not u-DFMs. So the reason for applying
a static output feedback controller in the third step, whenever ¥{° is u-stable,
is to make sure that any p-mode of the system (4.13), which is not a u-DFM,
appears as a mode of 3¢” for some s > k, so that, it can be moved towards C,

in a later step.

4.3. Observer Based Decentralized Controller Design

As it was mentioned above, in decentralized control, the whole state
vector is not generally available to any control agent and each agent mea-
sures only a subset of all the outputs. Therefore, in Section 4.1, an extension

of the continuous pole placement algorithm to the case of dynamic output
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feedback controllers was introduced to be used as a centralized controller syn-
thesis procedure in the decentralized pole assignment algorithm. On the other
hand, instead of this algorithm, static state vector feedback controller based
continuous pole placement method can also be used in the decentralized pole
assignment algorithm by constructing observers at each step of the algorithm.
As discussed in Section 4.1, when only the real parts of the modes are con-
trolled in the continuous pole placement algorithm, approach of a real mode
to a member of ¥, which contains all the real unstructural y-CFMs and real

transmission zeros in C', may cause sensitivity matrices with considerably

o
small norms which may result in very large changes in controller parameters.
Unlike the algorithm introduced in the previous section, the algorithm in this
section is not able to overcome this problem without adding some additional
dynamics to the system. Therefore, for this algorithm it is assumed that if ¥,
is not an empty set, all the modes on the right of any member are formed as
complex-conjugate pairs or there are an even number of real modes, which can
be formed as complex-conjugate pairs, on the right of the rightmost member of
VU, or between any two members of ¥,. Also, it should be noted that, as indi-
cated in the previous section, in some steps of the decentralized pole assignment
algorithm, systems seen by the control agents can be stable. In such a case, be-
cause of the reasons mentioned in the previous section, a feedback loop should
be closed. But instead of an observer based state vector feedback controller, a
stabilizing static output feedback controller, u;(t) = K;y;(t), K; € RP*%  can
be designed. Also, as it was indicated in the previous section, even though the
overall system does not have any p-DFMs, the system from a particular input
channel to the corresponding output channel may have p-CFMs. Thus, firstly
at each step, system should be decomposed as in Lemma 4.1 to remove the
structural CFMs. Then, only structurally controllable and observable part of
the system will be taken in the controller and observer synthesis at each step.

As in Section 4.2, assume that the first k control agents has been de-
signed, where k < v. Then, by applying these k£ control agents to the system
¥, the resultant system ¥, for the (k + 1) local control agent with input
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up+1(t) and output yyy1(t) is obtained. As in Lemma 4.1, 3, can be decom-
posed and its structurally controllable and observable part can be obtained.

Let the structurally controllable and observable part, 3i°, of ¥, be as follows

2y’ (t) = AP (1)’ (1) + By (T)unea (1)
Yr+1(t) = Cia ()2 (2)
where ¢ € R™ is the structurally controllable and observable part of the
state vector of ¥, with dimension n{°, and AP (7) is the structurally control-

lable and observable part of the dynamics matrix Ag(7) of the system ;. An

observer based state vector feedback for X%’ can be obtained as

() = AP(T)EP (1) + Bl (T)ugsa (t)
k+1 (Ck+1( ) (t) — ka(t)) (4.18)
Upy1(t) = K123 (t)
where 2¢°(t) € R™ is the estimated state vector at time ¢, Kj,; € RP:+1X"% ig
the controller gain and Lj,; € R%+1X"%" is the observer gain matrices. Then,
by defining the state vector estimation error for this observer as eg(t) :=

z°(t) — 2°(t) and applying the estimated state vector feedback, following

equations can be obtained

50 (t) = (A7) + B (1) Kiin) 237(t) — Bt (7) Kiaen(t)

(4.19)
rlt) =(B52(7) + LEaCisa (7)) ()
Characteristic equation of (4.19) can be written as
det slyge — AP(s) = By (8) K B (8) Kk 0
Onge $Ipeo — Age(s) — LZHCigil(S)

where the Laplace transform of the operator matrices can be obtained by
replacing the operator 7 by the function e~"*. Because of the block-triangular
structure, the modes of (4.19) consist of the controller modes which are the
solutions of

det (5—fn,§° — AP(s) — B, (s)Kks1) =0, (4.20)

and the observer modes which are the solutions of
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det (51”2“ — AP(s) — Lgﬂélgil(s)) (4.21)

= det (sl — (A7())" = (C224(5)) " Liwa ) =0

Thus the continuous pole placement method need to be applied once to (4.20)

to obtain the controller gain K}y and once to (4.21) to obtain the observer

gain Ly .

Now the basic algorithm, for designing p-stabilizing decentralized con-

trollers for the system (4.14), is as follows.

Algorithm 4.3. Observer based decentralized controller design algorithm

1)
2)

3)

4)
9)

Let £k =0.

If 35 is p-stable, choose a random non-zero Kpi1 € RPE1<041 gych that
the closed-loop system obtained by applying the static output feedback
U1 (t) = Kk+1yk+1<t) to 350 is p-stable and go to step 4. Otherwise,

continue with step 3.

Apply the continuous pole placement method once to (4.20) to obtain
the controller gain K1 and once to (4.21) to obtain the observer gain
Liyq. If stabilizing gain matrices can not be found, use the controller and
observer gains which move as many controlled modes as possible towards

C,.. Then, apply the resulting observer based controller (4.18) to .
If k =v —1, go to step 5. Otherwise, set k =k + 1 and go to step 2.

If the overall closed-loop system 3., is p-stable, stop: the desired decen-
tralized observer based controller has been obtained. Otherwise repeat the
algorithm by trying to design different observer based control agents or

control agents which apply dynamic output feedback in step 3.

Similar to Algorithm 4.2, this algorithm is also an extension of the

decentralized pole assignment algorithm to the time-delay case. In the algo-

rithm, depending on the stability of the system at each step, controller agents

which apply observer based state vector feedback or static output feedback,
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are designed by a centralized controller design algorithm. Similar to Algo-
rithm 4.2, the reason behind applying static output feedback controllers even
if the resultant system is stable is to make sure that any p-mode of the system
(4.13), which is not a u-DFM, appears as a mode of 3¢ for some s > k, so
that, it can be moved towards C in a later step. A p-stabilizing decentralized
controller can be designed by this algorithm if a pu-stabilizing control agent,
which applies observer based state vector feedback, can be designed at each
step that requires observer based state vector feedback. Otherwise, designing a

p-stabilizing decentralized controller by this algorithm can not be guaranteed.
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5. EXAMPLES

In this chapter, we will present two examples in order to illustrate the
design approaches proposed in Section 4.2 and Section 4.3. In the following
example, a decentralized controller is designed by using the design approach

proposed in Section 4.2.

Example 5.1. Consider a LTI retarded time-delay system Xy described as in
(4.13) withv =2, 0 =1, h=hy =1,

7 9 7 9 -4 6 -8 -1
0 -1 4 =2 0 4 0 0
AO - ) Al = )
-1 -6 -7 -11 5 =3 9 1
—22 —-12 —4 =27 10 —6 6 8
—4 2 3 1
-3 1 0 0
BI,O = ) Bl,l = ) B2,0 = ’ B2,1 = 3
2 -1 -3 -1
4 —2 -5 -1

Cl,oz[o 1 4 —2] : 01,1:[1 -1 1 0],

Coo=|1 -1 2 —05], Cu=[1 00 1]

By using the programs of [46], for ¢ = 1, —e-modes of the system can

be found as

0 (%) = {0.7990,0.1523, —0.1904 + 5.4367i, o)
5.1

— 0.2104 + 4.8730i, —0.7049 + 11.3571i}

which are plotted in Figure 5.1., using ‘ x’. Since the system has two modes,
s1 = 0.7990 and s, = 0.1523, with non-negative real parts, the system is not
w-stable for u = 0. Furthermore, s; is a CFM for control agent 2 and sg is
a CFM for control agent 1. Hence, the system is not stabilizable by any one
of the control agents alone. However, neither si, nor sy is a DFM, hence,
it is possible to p-stabilize the system by decentralized feedback. To obtain a

stabilizing decentralized controller, Algorithm 4.2 is applied.
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% Open-loop modes|

+ + Closed-loop mode
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Figure 5.1.: Open-loop and closed-loop modes of the system in Example 5.1.

In the first phase, structurally controllable and observable part, X5°, of

the system seen by the first control agent is obtained as follows

*.CO _1 _9 CcO 4 _6 CcO
Ly <t> = 0 4 Ty (t) + 01 Ty (t - 1)
0 3 0 . (5.2)
+ $°(t — 2) + uy (t)
0 0 1

nt)=|1 =3 |0+ 0 2 ]at-1)
Then, Algorithm 4.1 is applied to X5° to design a stabilizing controller and for

m = 0, a stabilizing controller can be designed as
uy(t) = 2.60718 yy(t) (5.3)

The progress of the algorithm, i.e., the real parts of the rightmost modes and
the controller parameters as a function of the iterations, is shown in Figure

5.2..
In the second phase, structurally controllable and observable part of

the system seen by the second control agent, 3{°, is obtained as follows
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Figure 5.2.: Real parts of the rightmost modes (left) and the controller parameters (right),

as a function of the iterations, for the first control agent of Example 5.1.

7 —1.4287 —-34.7149 29.8574
o 0 —8.8215 —27.2862 13.6431 o
Ty = )
—11 —-0.7856 13.8574 —21.4287

| —22 15713 37.7149 —47.8574 |

—14.4287 21.6431 2.4287  —11.4287 ]
—7.8215 14.4287 2.6072 —5.2144

+ 2t — 1)
10.2144 —10.8215 3.7856 6.2144

204287 —21.6431 —4.4287 18.4287

Z : _ |
- 5.2144 —5.2144 5.2144 O
%) 2.6072 —=2.6072 2.6072 O
[a'd + 50 (t — 2)
g —2.6072 2.6072 —2.6072 0
‘= —5.2144 5.2144 —5.2144 0
_ 5 ; _ X -
0 0
+ ’LLQ(t) + UQ(t — 1)
-3 -1
- _5 - - _1 -

ywt)=]1 -1 2 —0.5}x§°(t)+[1 0 0 1 |2%°(t—1)
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For this system, Algorithm /4.1 fails to find a stabilizing controller with di-

mension m = 0. Also based on the controllable canonical form

(001 0 ... 0] [ 0 ]
00 1 ... 0 0
Z(t) = 2(t) + ya(t)
0 0 0 ... 1 0 ’
S fe fs o S 1
u(t)=| hy hy hy ... hm:22(t>+[k;}yz<t>

Algorithm 4.1 fails to find a stabilizing controller with dimension m = 1, and

m = 2. However, with m = 3, the controller

0 1 0 0
Z(t) = 0 0 1 () + | 0 | y(t)
5.4
—0.24403 —0.17958 —0.59405 1 (5.4)
us(t) = | —0.19224 —0.22153 —0.28122 | z2(t) — 0.0949 y (1)

15 found to stabilize 35°. The progress of the algorithm is shown in Figure 5.3..

The overall closed-loop system, X, following the application of the
decentralized controllers (5.3) and (5.4) to the original system % is then ob-
tained. By using the programs of [46], for € = 1, the —e-modes of this system

are computed as
O_(Xs) = { — 0.0508, —0.06406, —0.14947, —0.17236, —0.17413 £ 0.619871,
—0.17426 £+ 5.43642i, —0.28966 + 5.961361, —0.58366 £ 11.766671,
—0.6897 £+ 11.35471i — 0.88144 + 17.804951},

which are plotted in Figure 5.1. using '+ . It is seen that the closed-loop system
does not have any modes with non-negative real parts. Hence, the decentralized
controllers (5.8) and (5.4) stabilize the given system.

Following example is provided here to illustrate the design approach

proposed in Section 4.3.

Example 5.2. Consider the same LTI retarded time-delay system g described
in Example 5.1. For ¢ = 1, —e-modes of the system g is given in (5.1)
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Figure 5.3.: Real parts of the rightmost modes (left) and the controller parameters (right),

as a function of the iterations, for the second control agent of Example 5.1.

and they are plotted in Figure 5.4., using ‘ *’. As mentioned in the previous
example, it can be verified that the system Y is not stabilizable by any one
of the control agents alone. However, the system does not have any unstable
DFMs, hence it can be possible to find a stabilizing decentralized feedback. To
obtain a decentralized controller, the procedure in Algorithm 4.3 is used.

In the first phase, structurally controllable and observable part, ¥§°,
of the system seen by the first control agent is obtained as in (5.2). Then, the
continuous pole placement algorithm s applied once to obtain the controller
gain K1 and once to obtain the observer gain L. At the end of the procedure,

controller gain K is obtained as

K, = [ 20.5113 —28.3535 ] ;

and the observer gain Ly is obtained as

Ly = [ —43.1485 0.5327 }

The observer based controller for 3§’ is obtained as follows
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The real parts of the rightmost modes during the continuous pole place-
ment algorithms in the first phase with controller and observer parameters as
a function of the iterations are respectively shown in Figure 5.5. and Figure

5.6..
In the second phase, structurally controllable and observable part %{°

of the system X1, which is obtained by applying the observer based controller

(5.5) to the system X, is obtained as follows

[ 1957 597 2025 1551 |
—99.5 37 150.6 —125.1
55.4  —31.3 —104.7 71
110.7 —-62.7 —-199.5 137.1
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Figure 5.5.: Real parts of the rightmost modes (left) and the parameters of the controller
gain K7 = [k k2] (right) as a function of the iterations of the continuous pole placement

algorithm in Example 5.2.
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Figure 5.6.: Real parts of the rightmost modes (left) and the parameters of the observer
gain Ly = [l l2] (right) as a function of the iterations of the continuous pole placement

algorithm in Example 5.2.

45

@) ANADOLU UN



1444 —1014 -23.7 81
94.7 702 127 41
+ xS (t—1)
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20.5 —20.5 205 O
41 —41 41 0
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-3 ~1
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Then, continuous pole placement algorithm is applied once to obtain

the controller gain Ky and once to obtain the observer gain Lo. At the end of
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the procedure, controller gain Ky is obtained as

Ky = [ —-0.893 0.3704 0.77 —1.474} )

and the observer gain Lo is obtained as

Ly = [ —147.5 —71.04 55.58 147.85 }

The observer based controller for 35° is obtained as follows

Aco

To

(t)

—125.7
-99.5
55.4
110.7

144.4

94.7

—69.2
| —1384

—-31.3
—62.7

59.7
37 150.6
—104.7
—199.5

202.5

—101.4
—70.2
50.7
101.4

—23.7
12.7
16.8
21.7
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41 41 —41 0|
—20.5 205 —205 0 |
+ 0t — 2)
205 —205 205 O
41 —41 a1 0 |
L o
0 0
+ 'LLQ(t) + UQ<LL — 1)
-3 -1
-5 —1 (5.6)
[ 1475 |
—71.04
+ <[ 1 -1 2 —0.5}9:2 (t)+
55.58
| 147.85 |

+[1 0 0 1}@§°(t—1)—y2(t)>

up(t) = [ —0.893 0.3704 0.77 —1.474 } 25°(t)

The real parts of the rightmost modes during the continuous pole placement
algorithms in the second phase with controller and observer parameters as a
function of the iterations are respectively shown in Figure 5.7. and Figure 5.8..

By using the programs of [46], for € = 1, the —e-modes of the closed-
loop system, obtained by applying observer based controller (5.6) to X1, are

computed as
Q_(3y) = { — 0.5031 + 0.2534i, —0.5488 + 6.30591, —0.5624 + 12.26621,
—0.5813 £+ 2.8987i, —0.6018, —0.61, —0.618 + 5.222i, —0.6486,
—0.6532 £ 6.1082i, —0.6683 £ 18.2687i, —0.6794 £ 12.2224i,
—0.702 £ 5.8868i, —0.7207 4 18.3383i, —0.7562 + 8.776i,
—0.7815 4 24.45751, —0.818 £ 24.348i, —0.8638 % 30.58684i,
—0.9022 £ 11.89361, —0.921 &£ 5.8564i, —0.964 £ 36.7338i,

—0.9716 =+ 30.4884i }

which are plotted in Figure 5.4. using '+ . It is seen that the closed-loop system
does not have any modes with non-negative real parts. Hence, the decentralized

observer based controllers stabilize the given system.
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In this chapter, stabilizing decentralized controllers for an unstable
retarded commensurate-time-delay system was designed by using Algorithms
4.2 and 4.3. In Example 5.1, the first control agent of the designed decen-
tralized controller applies static output feedback and the second control agent
applies a dynamic output feedback. In Example 5.2, the first and the second
control agents apply observer based state feedback and, as can be seen, the
observer poles were placed slightly farther to the left than the dominant poles
of each resultant system. It should be noted that the spectral abscissas of the
closed-loop systems obtained in the examples are considerably different. The
spectral abscissa of the closed-loop system obtained at the end of Example
5.1 is —0.0508 and the spectral abscissa of the closed-loop system obtained at
the end of Example 5.2 is —0.5031. Compared to Example 5.1, the growth in
the dimension of the designed controllers in Example 5.2 has allowed to get a

better spectral abscissa.

49



IVERSITESI

@) ANADOLU UN

6. CONCLUSION

In this thesis, stabilization of LTT time-delay systems by decentralized
controllers has been considered. In Chapter 3, in terms of u-DFMs, necessary
and sufficient conditions for the decentralized stabilizability of LTI time-delay
systems was obtained. To obtain these conditions, it was first shown that
the sets of u-DFMs of a LTI time-delay system under decentralized static,
dynamic finite-dimensional or dynamic time-delay output feedback controllers
are equivalent. Then it was proved that there exists a p-stabilizing time-delay
dynamic output feedback controller for a neutral time-delay system if and only
if the proposed border of the stability region on the complex plane p is greater
than or equal to ¢p + € for some € > 0 (where ¢p is the spectral abscissa of
the associated delay difference equation) and the system does not have any
pu-DFMs with respect to LTI decentralized static output feedback controllers.
In the light of the obtained results, the decentralized counterpart of the main
result of Kamen et. al. [40] was also obtained. According to this result, a LTI
neutral time-delay system can be p-stabilized by a decentralized time-delay
dynamic output feedback controller if and only if there exists a p-stabilizing
decentralized finite-dimensional dynamic output feedback controller for this
system. However, in some cases, there may exist only very high dimensional
stabilizing controllers which require a large number of integrators. In such a
case, it may be possible to design time-delay controllers which require a smaller
number of integrators. Such a time-delay controller may be implemented by
using delay elements besides integrators.

In Chapter 4, decentralized controller design problem for LTI retarded
commensurate-time-delay systems was considered. The reason behind consid-
ering only commensurate-time-delay systems, rather than more general case of
incommensurate-time-delay systems, is that a decomposition such as the one
presented in Lemma 4.1 is required in order to leave the structural fixed modes
out of the controller design problem to avoid a possible failure of the continuous

pole placement algorithm. On the other hand, even if the considered system
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does not have any structural fixed modes, there may still exist unstructural
fixed modes or transmission zeros in ((_j;[ that may cause the failure of the
continuous pole placement algorithm. Among other reasons, to overcome this
problem, in Section 4.1, the extension of the continuous pole placement algo-
rithm to dynamic output feedback controller design was given. Then, using
this centralized controller design algorithm, in Section 4.2, a decentralized con-
troller design algorithm, which is based on the decentralized pole assignment
algorithm, was introduced. Furthermore, in Section 4.3, a decentralized con-
troller design algorithm, which is based on the decentralized pole assignment
algorithm and observer based continuous pole placement algorithm, was intro-
duced. The problems that might be caused by the unstructural fixed modes
and transmission zeros in Cz, however, were not considered in Section 4.3.
As noted, in order to leave the structural fixed modes out of the con-
troller design problem, a decomposition such as the one presented in Lemma
4.1 is needed. Working on another approach which do not require such a de-
composition can be one of the further research lines. Another further research
line is to develop techniques to overcome the problems that might be caused by
the unstructural fixed modes and transmission zeros in @:[ during the observer
based design proposed in Section 4.3. As another possible further research line,
in the decentralized controller design problem, time-delay controllers can be
considered instead of finite-dimensional controllers. Furthermore, decentrali-
zed controller design problem for LTI neutral time-delay systems is also not
discussed in this thesis. The reason behind this is that the neutral time-delay
systems may have infinitely many p-modes and this causes difficulties in finding
the p-modes of these systems. However, in the existence of an approach which
is also capable of finding the p-modes of neutral time-delay systems, similar to
the algorithms presented here, a decentralized controller design algorithm for
neutral incommensurate-time-delay systems, which has finitely many unstable

modes, may also be obtained.
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