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This study deals with the control of active and semi-active automotive
suspensions using LQG techniques. An analytical investigation of a half car
model subjected to random road disturbances is performed, and the advantages of
the active suspension systems, over conventional passive suspension systems are
examined.

In this study in order to investigate the ride and handling characteristics of
a car, a two dimensional mathematical model with a suitable road profile are
developed, and the equations of motions for the proposed model with four
degrees-of-freedom are derived.

The controller design is proposed to minimize the chassis and pitch angle
acceleration with suspension and tire deflections when uneven road surfaces are
acting on the tires of running car. Measurements from sensors located at different
points of the vehicle are controller inputs and the control forces generated at each
wheel of the suspension are outputs of the controller.

In the conclusion, a comparison of active suspension with LQG controller
and passive suspension is made using MATLAB simulations. Simulations are
performed to show that actively controlled suspensions succeeds in achieving

higher levels of ride comfort and drive safety with respect to a passive setting.

Keywords: Active suspensions, LQG controller, Vehicle dynamics, One-half car

model, Ride comfort



OZET
Yiiksek Lisans Tezi

YARIM ARABA MODELI iCIN
DOGRUSAL GAUSYAN REGULATOR
TASARIMI

Erhan AGIRMAN

Anadolu Universitesi
Fen Bilimleri Enstitiisii
Elektrik-Elektronik Miihendisligi Anabilim Dal

Danisman: Prof. Dr. Hiiseyin AKCAY
2007, 72 sayfa

Bu caligma aktif otomotiv siispansiyonlarinin LQG teknikleri kullanilarak
kontrolii ile ilgilidir. Tesadiifi yol giiriiltiisiine maruz kalan bir yarim araba
modelinin analitik incelemesi yapilip aktif slispansiyon sistemlerin geleneksel
pasif olanlara gore iistiinliigli gosterilmistir.

Bu calismada bir otomobilin siiriis ve kontrol karakteristigini incelemek
amaciyla aracin 2 boyutlu matematiksel modeli ile bu modele uygun yol profili
olusturuldu ve bu sistemin 4 serbestlik dereceli hareket denklemleri elde edildi.

Kontrolor tasarimi, hareket halindeki bir otomobilin tekerlekleri diiz
olmayan bir yol yiizeyi ile temas halindeyken kasa ve donme acisindaki
ivmelenme ile siispansiyon ve lastiklerdeki deformasyonu miimkiin oldugu kadar
azaltacak sekilde tasarlanmistir. Aracin ¢esitli  yerlerine yerlestirilen
algilayicilardan alinan 6lgiimler kontrolor girdisi, siispansiyonun her bir tekerlekte
iretilen kontrol giicii, kontrol6riin ¢iktisidir.

Sonu¢ olarak, MATLAB simiilasyonlar1 kullanilarak, LQG kontrolorlii
aktif ~ siispansiyon ile pasif siispansiyon karsilastirilmasi  yapilmustir.
Simiilasyonlar, aktif olarak kontrol edilen siispansiyonun pasif yapiya gore

ylksek siiriis konforu ve siirlis emniyeti saglamada basarili oldugunu géstermistir.

Anahtar Kelimeler: Aktif siispansiyon, LQG kontrolor, Ara¢ dinamigi, Yarim

araba modeli, Siirtis konforu
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1. INTRODUCTION

In recent years, automotive industry has been experiencing an increasing
demand for better performance parameters such as ride comfort and good
handling which are basically related with the suspension assembly of the vehicle
[1].

The suspension system is responsible for isolating the vehicle from
vibrations caused by unevenness of the road surface. At the same time, such a
system should be able to maintain contact between the road surface and the tires
to provide good vehicle handling and safety. However, a trade-off exists
between these two requirements. Active suspension control systems are used in
today cars because of their ability to manage the compromise between ride
comfort and vehicle road-handling. In other words the purpose of active
suspensions, in terms of performance, is to simultaneously improve both of
these conflicting requirements.

A vehicle suspension system is the mechanism that physically separates
the frame of the vehicle from the axle and wheel assemblies. It plays a major
role in maintaining the tire-road contact to provide holding characteristic,
minimizing the vertical acceleration transmitted to the passengers, and to keep
the suspension travel small.

Basically, there are three main categories of suspension systems, namely
passive, semi-active and active suspension systems. The passive suspension,
which means there is no energy source in the system, includes the conventional
springs and shock absorbers. Since there is no feedback control, simpler and
cheaper way of suspension design is achieved.

The semi-active suspension, as the passive suspension, has no force
actuator, it is possible to continuously vary the rate of energy dissipation using a
controllable damper, but it is impossible to add energy.

Active suspension can supply energy from an external source which in
turn creates the desired force in the suspension system to achieve the desired

performance.



An actuator which is able to control its energy according to the motions
of the body suspension system is located in parallel with a spring and shock
absorber. The actuator is usually hydraulically controlled and applies between
body and wheel a force that represents the control action generally determined

with an optimization procedure.

1.1. Literature Survey

The use of active suspension on road vehicles has been considered for
many years. In the last twenty years, many studies have been published on
active suspension systems. Various research of control design has been done
using optimal control, adaptive control methods and, H-infinity control etc.
From the early 1960’s optimal control theory has been used by several
investigators to establish the potential benefits of the active suspension. These
investigations started with simple quarter-car models, some of which include the
vehicle unsprung mass consisting of a wheel and associated inertias [2]. Some
extensions of the quarter-car model are half-car and full car cases which are
investigated in [3, 4].

LQG approach, have been extensively used for preliminary design of
active suspensions [2, 5, 6]. Chalasani (1986) presents a comprehensive analysis
of full-car suspensions controlled with full-state LQG feedback. One of the
studies of Hrovat (1993) is the investigation of optimal control techniques in the
design of active suspensions. Thompson (1976) applied LQG full-state feedback
control to an active suspension for a quarter-car model. Krtolica and Hrovat
(1992) derived an analytical solution for the LQG active suspension for a
simplified two degree-of-freedom half-car model.

In this study, the output feedback control for active suspension is
investigated. Intention is to show the effective methodology of controller design
in order to improve suspension performance especially, the heave and the pitch

control as compared to simple passive suspensions.



1.2. Objective and Approach

The primary objectives of this thesis are:

1. Evaluate, both stochastic and deterministic response of the vehicle,

2. Provide a comparison between passive suspensions and the commonly
used active suspensions control techniques and

3. Investigate the effectiveness of active suspensions for improving vehicle

ride comfort and road handling over conventional passive counterpart.

This study presents the LQG control technique for active suspension
design. It contains three main parts. In the first part, some basic topics and
vocabulary which will be useful throughout the remainder of the study are
introduced. The necessity of employing active suspension is discussed.

In the second part, a mathematical model of the vehicle system is
introduced. State-space formulation derived and finally behavior of the passive
system is discussed.

In the last part of the thesis, controller designed. Nondeterministic inputs
are applied to simulate the road surface conditions more realistically. Trade-off
curves are obtained. Performance analysis is performed in the time and
frequency domains. The ride comfort, road handling, suspension and tire
deformations are taken as performance indices; trade-offs among the various
performance requirements are made using weighting curves.

In this thesis, the rms vertical acceleration of the sprung mass at the
driver side is used as a measure of the vibration level, the rms suspension travel
as a measure of the rattlespace requirement, and the rms tire deflection as a

measure of the road handling ability.



2. THEORETICAL BACKGROUND

In this part, some basic topics related with vehicle suspension are given.

2.1. Vehicle Suspension Review

The purpose of a vehicle suspension system is to improve ride quality
while maintaining good handling characteristics subject to different road
profiles. Various suspension models have been used in the literature. They are
named full-car, half-car, and quarter-car models according to the portion of the
vehicle included in the model. Also, the suspension system is classified as a
passive, semi-active, and active suspension, according to its ability to add or

extract energy. This configuration is shown in figure 2.1

Body we ] [ ws ] | *
Wheel | hiu | |
Road Profile

Pazsive Semi-active Active

Figure 2.1. Suspension models

The conventional passive suspension system is reliable, economical and
simple, but lacks adaptability to rough road environment. The active suspension

system, on the other hand, is flexible and dependable, but complex and costly.



There are four important parameters which should be carefully considered in

designing a vehicle suspension system [7]:

1.

Ride Comfort is directly related to the acceleration sensed by
passengers when traveling on  a rough road.

Body motions which are known as bounce (heave), pitch and roll of
the sprung mass are created primarily by cornering and braking
maneuvers. Body motions may be present even on perfectly smooth
roads.

Road handling is associated with the contact forces of the tires and
the road surface. These contact forces create the necessary friction
which prevents the tires from sliding on the road surface. The contact
forces are assumed to depend linearly on the tire deflection.

Suspension travel refers to the relative displacement between the

sprung and the unsprung masses. All suspension systems trade-offs

the suspension travel for an improved ride comfort.

It is not possible to minimize all four of the above parameters at the same time

with a passive suspension. The purpose of active suspensions, in terms of

performance, is to simultaneously improve all of these conflicting requirements.

The trade-off between passengers comfort and suspension deflection is due to

the fact that is not possible to simultaneously keep both the above transfer

functions small in the low frequency range. The small reduction in the vertical

acceleration at low frequencies results in a large increase in the suspension

deflection at these frequencies and vice versa [17].



2.2. Vocabulary and Assumptions

In this section some vocabulary are introduced in the context of the
quarter car model shown in figure 2.2 These terms are used throughout the

remainder of the thesis.

SPRUNG MAZS ‘ T 3z,

Secondary r
Suspension { K E i F ,@"
\ [ T %

| LIMEPRUNG MASS |

Primary
Suspension {

\ [ TZr

| ROAD SURFACE |

Figure 2.2. Quarter-car model

Sprung mass is a term used to describe the parts of a vehicle that are
supported by the front and rear springs. They suspend the vehicle's frame, body,
engine, and the power train above the wheels. The unsprung mass includes
wheels, tires, brake and axle assemblies, assemblies, and other structural
members not supported by the springs. A typical ratio of sprung to unsprung
mass is 10:1 [10].

Unsprung mass with tire constitute primary suspension, sprung mass
suspension springs and suspension dampers form secondary suspension
structures. Primary suspension represents high frequency body motions (wheel
hop mode) and secondary suspension represents low frequency body motions.
Vehicle suspensions for road vehicles are designed to control low frequency
body motions, i.e., heave and pitch in order to maintain uniform wheel to road
contact. It is also important to maintain uniform contact force between the

wheels and the road.



The ride quality is measured by the vertical acceleration of the vehicle
body (sprung mass). The handling performance is determined by the tyre
deflection, which is the difference between the wheel position and the road
surface input. The controller tries to maintain a small sprung mass acceleration,
while providing a large amount of damping for the unsprung mass. At low
frequencies the body, which is considered to be the sprung mass portion of the
vehicle, moves as an integral unit on the suspension. This is rigid body motion.
The axles and the associated wheel hardware, which form the unsprung masses,
also move as rigid bodies and consequently impose excitation forces on the
sprung mass.

In active suspension design several assumptions are made. Otherwise
some drawbacks are encountered during implementation of the system. The
sprung and unsprung masses are usually considered to be rigid bodies. All
suspension components are usually assumed to act on a single point of both
sprung and unsprung masses. These suspension components are typically
assumed to behave linearly, though some have addressed the affects of
suspension nonlinearities on active suspension performance [11]. In general,
suspension parameters are assumed to be invariant. Using these assumptions,
the models typically used are characterized by linear time-invariant differential
equations. These models, and the controllers developed for them, are discussed

in the following sections.



2.3. Vehicle Coordinate System

In this part vehicle motion is described. These motions and the relative

axes are shown in figure 2.3

e Roll

Pitch

Yaw

Longitudinal

¥
Lateral

z Wertical

Figure 2.3. Vehicle coordinate system

The vehicle motions are defined with reference to a right-hand orthogonal
coordinate system (the vehicle fixed coordinate system) which originates at the

CGQ and travels with the vehicle. The coordinates are:

x- Forward and on the longitudinal plane of symmetry
y- Lateral out the right side of the vehicle

z- Downward with respect to the vehicle

p- Roll velocity about the x axis

g- Pitch velocity about the y axis

r- Yaw velocity about the z axis

The vertical motion of the sprung mass is referred to as heave, and is
usually measured at the center of sprung mass. The rotational motion along an
axis parallel to the vehicle axles is referred to as pitch. Nose-dive during vehicle

braking is an example of the excitation of pitch motion.



Roll is rotational motion about an axis that spans the length of the
vehicle. One roll motion excitation source is cornering. Angular motion about
an axis perpendicular to the ground is called yaw. Excessive yaw results in
vehicle spinout [15]. In this study half-car model is considered and therefore roll
and yaw motions are never mentioned.

Another commonly used coordinate system is the ISO 8855, coordinate
system; the major difference to the SAE coordinate system is that the
coordinates are rotated © radians along the X-axis i.e. Z up, Y left.

Active suspension systems have also advantage of controlling the
attitude of a vehicle. They can reduce the effects of braking, which causes a
vehicle to nose-dive, or acceleration, which causes a vehicle to squat. They also
reduce the vehicle roll during cornering maneuvers which are not included in

context of this study.

2.4. Sensors

Active suspension requires sensors to be located at different points of the
vehicle to continuously monitor the operating conditions of the vehicle body
suspension i.e. the sprung and unsprung masses. This information is used in the
online controller to command the actuator in order to provide the exact amount
of force required. The control forces generated at each wheel of an active
suspension are based on the sensor signals employed in the system, the forces
generated at a given wheel of a passive suspension can depend only on the
relative displacement and velocity at that wheel. Active suspensions may
consume large amounts of energy in providing the control force and therefore in
the design procedure for the active suspension the power limitations of actuators
should also be considered as an important factor [7].

The selection of the places, types and number of sensors has great
significance in controlled suspension systems. The sensor configuration should
be capable of providing enough information about each wheel’s motion as well
as the car body’s dynamic behavior. In addition, sensors mounted at each wheel

hub provide the estimator sufficient information about the road disturbances.



The selection of actuators and sensors can limit the bandwidth of the
system, regardless of the controller type “Van de Wal and de Jager, (1996)”.
Most of the controller types used in automotive applications requires full state
feedback [8] as is also the case in this study. It should be noted that vertical
acceleration of the CG has been utilized by some researchers as a key parameter

in optimal ride control systems [9].

2.5. Road Surface Roughness

The road profile is usually considered to be a random process z(l), where

Z is the road height and | is the distance along the road. As the vehicle travels

along the road with velocity v, the random process z(l) is converted to a random
process X(t) which is input to the vehicle suspension via the tyre. The random
process X(t) is usually described in terms of its power spectral density as a

function of frequency in either radians or cycles per unit distance. In this study a
real road surface taken as a random exciting function is used as the road input to
the system.

If all road surfaces were smooth enough, there would be no need using
suspension systems in vehicles since no vertical excitations forces would be
impacting to them. There would be no vibration from which to isolate the
passenger. But in real World, roads are not nice and smooth due to construction
limitations and also due to road surface deterioration over time. This road
roughness is the ultimate input to the mechanical system under consideration,
and so necessity and importance of the suspension arises.

Disturbance from the roughness of the road is the most important
parameter in considering ride quality. In order to simulate vehicle vibration
behavior for the purposes of calculating dynamic tyre forces or ride
performance, it is necessary to assume a road roughness input

Road disturbances can be classified in many ways but there is two main
classes that are vibration and shock. Shock is described by a relatively short

duration, high intensity event, such as a pothole or speedbump.
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Vibration is characterized by prolonged, relatively consistent low
amplitude, excitations, the typical “road roughness”, [4]. And it is also
important that a suspension system must provide enough ride quality with both
types of road conditions, in addition to any handling requirements during
turning, breaking and acceleration.

An appropriate analysis of the ride performance limitations of
suspension systems requires detailed road modeling analysis. In the past, for the
vehicles, simple functions such as step functions, sine waves, or triangular
waves were generally used as disturbances from the ground. While these inputs
provide a basic idea for comparative evaluation of designs, it is recognized that
the road surface is usually not represented by these simple functions, and
therefore the deterministic irregular shapes cannot serve as a valid basis for
studying the actual behaviors of the vehicle. Thus, it is important to predict

vehicle dynamics response using realistic road model [7].

2.6. Vibration Isolation

Vibration in a vehicle is very undesirable because it can cause
discomfort to the passengers in the vehicle. Vibration is undesirable, not only
because of the unpleasant motion, the noise and the dynamic stresses, which
may lead to failure of the structure, but also because of the energy losses and the
reduction in performance which accompany the vibrations [14].

Certain vibration inputs to the human body can even cause disorders.
The research results have proven that a zone or area can be defined in which
people generally experience discomfort. Above this region the vibration is
certain to be intolerable, and below this region the vibration level is acceptable.

There are three main standards by which whole-body vibration health
risks are measured. ISO 2631-5:2004 addresses human exposure to mechanical

multiple shocks measured at the seat pad when a person is seated.
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ISO2631-74, 85 proposes sensitivity curves for each axis over a range of
frequencies from 1-80 Hz. The curve for the z-axis, which is the primary
concern here, shows greatest sensitivity in the 4 - 8 Hz range. Above 8 Hz the
sensitivity increases proportionally with respect to frequency. Below 4 Hz, the
sensitivity is inversely proportional to the square root of frequency. Humans are
most tolerant of high frequency vibration, yet the magnitude of the road inputs
falls of with increasing frequency. These curves are generally used to estimate
the level of health hazard present given a particular magnitude and duration of

vibration [15].
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3. VEHICLE MODEL AND DYNAMICS

This part is devoted to the mathematical modeling of vehicle,
considering the road disturbance. First a two dimensional half-vehicle model
will be introduced, its equations of motion will be derived, and a representative
state space system will be defined and used for the remainder of this study.
Once the model is established, it can be used to investigate vehicle dynamics for

various disturbances.

3.1. Half-Vehicle Model

The well-known rigid half-car vehicle model, which is shown in figure
3.1, is widely used for active suspension design. Since the angular motion of the
vehicle is not captured in the quarter car model and the one degree-of-freedom
model does not account for the dynamical effects of the unsprung mass
(wheelhop dynamics) a half vehicle model was chosen for this work. It is also
possible to make a more realistic analysis compared with the quarter-car model.

A linear model is considered to represent the road vehicle dynamics. The

model consists of three masses. While the top mass, M , represents the vehicle

body, the two lower masses, m, and m,, represent the front and rear tires

ur >
respectively. Body motions are considered to be heave and pitch. In order to
obtain a linear model, pitch angle is assumed to be small.

The suspension system is modelled by two linear springs in parallel with
two viscous dampers and for each tire a single spring is used. The suspension
system connects the sprung mass to the two unsprung masses which are free to
bounce vertically with respect to the sprung mass. The actuators are considered
to be a source of controllable force and located parallel with the suspension

springs and dampers.

13



The system with four degrees of freedom is represented by the body

bounce (heave), z; body pitch, & and the tire deflections, z,, z, . The system

uf »
as a whole is moving at a constant horizontal speed. The rest of the variables are

considered time-varying functions.

L Sf
SPRUMG MASS
7 5 T

cF

SUSPENSION

UNSPRUNG
MASS

TIRE

ROAD SURFACE ROAD

Rear side

Front side

Figure 3.1. 4-DOF half-car model

3.2. Equations of Motion

An automobile suspension system is modelled as a system of 8th-order
ordinary differential equations (ODEs) that are derived from the Newton’s 2nd
law of motion:

force = mass x acceleration

The following motion equations could be derived using Newton-Euler method.
The force equilibrium equation for the sprung mass in the vertical direction can
be written as
Ms is :_ff - fr - Kf (Zsf _Zuf)_ Kr(zsr _Zur)
_Cf(zsf _Zuf)_Cr(zsr_zur) (31)

14



the moment equation for the pitching motion about the C.G. can be expressed as

J é: Ir[fr + Kr(zsr _Zur)+Cr(zsr _Zul’)]

—1[f + K (Zg —24) +Cp (2 —24)] (3.2)

and the force equilibrium equation for the unsprung masses:

MyZy =T —K(Zy —2)+ K (24 —2,)+C (24 —2y) (3.3)

uf “uf

m = fr - Kt(zur - zrr) + Kr(zsr - zur) + Cr(zsr - z'ur) (34)

ur ZLII'

The following kinematics relations are easily derived under the assumption of

the linearity.

24 =2, +1,60 (3.5)
2, =2,-1.0 (3.6)
Z¢ =25+, 0 (3.7)
2, =2,-10 (3.8)
2, =2, +1.6 (3.9)

Plugging (3.5)-(3.9) into the (3.1)-(3.4):

MZ, =—f, - f, -K;(z,+1,0-2,)-K,(z, -1,0-2,)
~C,(2,+1,0-12,)-C (2, -1.6-12,) (3.10)
JO=1[f +K (z,-16-2,)+C,(2,-1.0—12,)]

1 [f, +K(z,+1,0-2,)+C (2, +1,0—2,)] (3.11)

15



MyZe =i —K(z —24)+
K. (z, +1,0-2,)+C, (2, +1,6-12,) (3.12)

murZur = fr - Kt(zur - er) +
Kr(zs _Irg_zur)'i_cr(z's _Iré_zur) (313)

Note that the gravity force is not considered in the equations, as the
displacement of the body is considered from the static equilibrium position.
Hence the spring force due to the initial compression of the spring balances the

gravity force.

Rewriting (3.10)-(3.13) in such a way that the system matrices can be written

easily:
M. Z, =—(K; +K)z, - (K, -I.LK)8+K,z, +K,z,
_(Cf +Cr)zs _(Ifcf _IrKr)9+Cf2uf +Cr2ur

—f, - (3.14)

J0=—(,K, -I,LK)z, (1 °K, +1.’K)0+1, Kz, -1 .K,z

r-ur

—-{,Cc, -1CcHz,—(,’C, +1.°C)0+1,.C,z, —1.C,z2

r r=ur

—1,f, +1f, (3.15)

My 2y = Kfzs +|fo9_(Kf +Kr)zuf

+C,2,+1,C,0-C,2, +K,z, + f, (3.16)

murz = Krzs _IrKre_(Kr + Kt)zur

ur

+C.2,-1C0O-C. 2, +K.z, +T (3.17)

t=rr
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The variables used to represent the vehicle components in the model are shown
in Table 3.1 and the displacement components of the vehicle states are
described in Table 3.2. The parameters related to the unsprung masses are

denoted with subscript U while the sprung mass parameters have subscripts .

Table 3.1. Vehicle model parameter definitions

Symbols Descriptions Units
Cq Front suspension damper Ns/m
C 5 Rear suspension damper Ns/m

S
K; Front suspension stiffness N/m
K Rear suspension stiffness N/m
r
|.(t Front and rear tires stiffness N/m
M, Vehicle sprung mass kg
J Pitch moment of inertia of the sprung mass ke.m 2
My¢ Front unsprung mass kg
My, Rear unsprung mass kg
I Longitudinal distance from center of mass to Front m
suspension attachment point
I, Longitudinal distance from center of mass to rear m
suspension attachment point
Iy Longitudinal distance from center of mass to driver seat m
point

Table 3.2. Vehicle model states

Symbols Descriptions Units
z, Sprung Mass C.G Vertical Displacement m
Z4 Sprung Mass Driver Seat Vertical Displacement m
Zy Vertical Displacement of Sprung Mass at Front m

Suspension Attachment Point
7 Vertical Displacement of Sprung Mass at Rear Suspension m
o Attachment Point
2y Front Unsprung Mass Vertical Displacement m
7 Rear Unsprung Mass Vertical Displacement m
ur
Z¢ Vertical Displacement of Road at Front Axle m
z, Vertical Displacement of Road at Rear Axle m
o Sprung Mass Pitch Angle rad/s

17



3.3. State-Space Model
For the computer simulation it is difficult to work with the differential
equations. Therefore, motion equations of the system must be placed into a state

space form. This transformation is as follows:

First displacement, actuator and disturbance vectors are defined as

o u i dw=| " (3.18)
= , = an = .
v Z f y

then (3.14) through (3.17) can be written by using the vectors and their
derivatives defined in (3.18)

Z, Z Z
0 ] 0 f, z,
M| |=-K -C +F +7Z (3.19)
Zuf Zuf Zuf fr Zr
zur Zur Zur
or more compactly
My +Cy + Ky = Fu+2Zw (3.20)

where the matrices M, C and K are the mass, damping, and stiffness matrices,

respectively and w is the disturbance vector arising from the ground
displacement and F and Z are constant matrices with appropriate dimensions.

These matrices can be easily derived as follows.
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© o « o
3

~K, -1, K, K,+K, 0
~K I, K 0 K, +K,

I,.C,-1C, -C, -C,
I.C,-1.C, I.°C,+l°C, -I,C, IC,

-C, -1,C, C, 0
I.C, 0 C,

, and

—

K,+K, 1K, -ILK, =K, ~K,
K:Ifo—IK |°K, +1.°K,  -1,K, LK,

AN o o o

-

o AN o o

Rewriting (3.20)

W=-M"Cy—-M"'Ky+M'Fu+M'Zw (3.21)

Defining the state variables X as

X = [V{ } (3.22)
4
W =[04 LI (3.23)

Where I is the identity matrix and finally,

j=-M7'K -M'Clk+M 'Fu+M'zw (3.24)
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These equations could be simply written as a matrix equation by using (3.23)

and (3.24) in (3.22):

X= Ax+B,w+B,u (3.25)

where

0 | 0 0
A= o B fooLB =] P and B, =| P
MK —-M7'C M~z M™F

and the states used to make these transformations are defined as:

7 Heave displacement

0 Pitch angle

Front wheel displacement

Z Rear wheel displacement

= z Heave velocity (3.26)

0 Pitch angular velocity

2,4 Front wheel velocity

L“ur 1 Rear wheel velocity

3.3.1. Regulated outputs

The vector of regulated outputs can be written with the relative
displacements and velocities at the suspension connections as a linear

combination of the state disturbances and inputs; that is,

i Z4 | Heave acceleration
0 Pitch angle acceleration
- g — Lyt Front suspension deflection
Loy — Ly Rear suspension deflection (3.27)
Lyt L Front tire deflection
| Zur “Zrr | Rear tire deflection
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Each component of z is written in terms of state input, controlled input and

road input vectors as follows:
Z,=[1 0 0 O}y
=t 0 0 Of-M'K —-MCk+MFu+M'zw}
=1 0 0 O]-M'K —-M7'Clx+[l 0 0 O]M'Fu
+[1 0 0 oM'zZw

=y X+y,Uu+y,W (3.28)

6=[0 1 0 Ol

=[0 1 0 0f-M'K —MClx+MFu+M"zw}
=01 0 0-M'K —M'Clx+[0 1 0 0]M'Fu
+f0 1 0 0M'zw

= B X+ pu+ f;w (3.29)

i, =7, +1,6=[1 1, 0 O}y
=l 1, 0 O}-M'K -M7Clx+M'Fu+M'zw}
=t I, 0 O]-M'K -M7Clx+[1 I, 0 0]M'Fu
+[1 1, 0 0M~'zZw

=a,X+a,u+a,W (3.30)
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Zy -2

uf

sr ur

=z, +1,60 -1,

=z, —-160-12,

[l

[l

l, -1

r

Zy —Z=[0 0 1 0 O0,,]Xx-w,

z

ur

Equations (3.28)-(3.34) could be simply written as a matrix equation as

z=C,x+D,,w+D,,u

where
_0!1
B
1 I, -1 0
C, =
1 -1, 0 -1
0 0 1 0
| 0 0 0 1

S O o O

S o o O

S o o O

S O O O

=2, =[0 0 0 1 0,,]x=w,

22
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0 -1 0,,]x

and D,

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

oS O O O
oS O O O



3.3.2. Output measurements for the feedback purpose

As in the previous case, the vector of measured outputs can be written
with the relative displacements and velocities at the suspension connections as a

linear combination of the states, disturbances, and inputs; that is,

Ly Sprung mass front end acceleration
Z, Sprung mass rear end acceleration
Z Front wheel acceleration
Z, Rear wheel acceleration
Y= Z; —Z, | Frontsuspension stroke (3.36)
Z, —Z, | Rear suspension stroke

Z Front wheel displacement

| Z,, | Rear wheel displacement

They are assumed to be available.

Like as in (3.35), each component of Yy is written in terms of state input,

controlled input and road input vectors and these equations could be simply

written as a matrix equation.
y=C,x+D,w+D,u (3.37)

and the matrices C,,D,, and D,, can be observed from (3.5)-(3.8), (3.12),
(3.13) and (3.28)-(3.32)
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_71+|fﬂ1
n-LB
Kf Ifo _Kt_Kf
muf muf muf
K —I.K
C2 _ r r'Nr 0
mur mur
1 I . |
1 —1, 0
0 0 1
i 0 0 0
_73 +Ifﬂ3
73 _Irﬁa
K, 0
muf
D, = 0 —4
21 m,,
0 0
0 0
0 0
L 0 0

C, I,C, -C,
! m, M, Mg
-K,-K, C, -IC, 0
m,, m,, m,
0 0 0 0
-1 0 0 0
0 0 0 0
1 0 0 0
| _72 + 1,5, |
7, = LB,
BLE
M
,and D,, = 0 o
0 0
0 0
0 0
_ - O O -

(=]

-C

=
=

S O o O

and finally by combining (3.25), (3.35) and (3.37) state-space formulation of the

vehicle system with regulated outputs is obtained as

X = AX+ B,w+ B,u
z=C,x+D,w+D,u
y=C,x+D,w+D,u
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In summary,

State vector:
X= [Zs 6 Zuf Zur Z's 9 Z'uf Z‘ur]T
Regulated output vector:

Z= [Zd 0 Zsf - Zuf Zsr - Zur Zuf —Zy Zur - er]T

Measured output vector
VZ[Zsf Zgr Iuf Zur Zsf —Zuf Zsr —Zur Zuf Zur]T

Road input vector (process noise):

w:[zf zr]T

Controlled input vector (measured noise):

u=[f, T

Equation (3.38) represents the state-space formulation of the half-car
vehicle system without a reference to a disturbance model included to the
system. In the following section, the disturbance model will be defined and

appended to the system.

3.4. Disturbance Modeling

In control systems disturbance rejection is often more important.
Feedback control is necessary to reduce the effect of these disturbances.
Therefore feedback configuration must compromise the disturbance inputs and
the dynamic properties of the disturbance must be estimated, modeled and
included in the controller design.

In this study it is assumed that only ride input is allowed. It means that

there are no braking and acceleration inputs.
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3.4.1. Colored noise displacement input

It is not possible to measure road disturbances exactly. Therefore an
estimated road model must be utilized to combine the road inputs with the
vehicle model. The disturbance to a vehicle can be modelled as a zero-mean
colored stochastic process. The ride input is described by a shape filter such that
a zero-mean white noise source v at the input to the filter produces an
appropriately time correlated stochastic ride disturbance w at the output.

Modeling colored noise displacement input let

Zh=AZ(1)+B,v()

(3.39)
cH=C,z()+D,v(l)

Where &(t) denotes the road displacement at the longitudinal coordinate | and

v(l) is a zero mean (spatial) white noise process with a covariance function:
E{v(hv(l+7)} =R, (7) = 5(7) (3.40)

In the design of a linear shape filter, one aims to match given spectral
data as closely possible as by suitably selecting the state-space parameters

(A,,B,,C,) in (3.39). Note that the shaping filter required to describe typical
ride inputs is in the form of a low-pass filter (D, = 0), usually of first or second

order. A block diagram of such a shape filter is shown in figure 3.2

v(f':l 1 Bv @ . % > Cy : » W
: Shaping
: 4 e Filter :
. :

Figure 3.2. Ride input generation by filtering white noise
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Applying the chain rule of differentiation tol = vt and (3.39) can be transformed

into the time domain as follows:

X, (t) = VA X, (1) + JVB,V(b),
w(t) = C,X, (1),

or more compactly

X, (1) = A, (D) +B,v(D),

w(t) = C,x, (1), G40

withdim(x, ) = n,

Outputs of the shape filter are derived from the measurements of the road
profile power spectrum by an identification algorithm [13] and filter parameters

are written below.

—10.0420 -0.6481 1
AW = B BW = ’
0.6481 0 0

Cy =[0 0.1809],and D, =0

In (3.41), X, (t) = Z(vt),w(t) = &(vt), and v(t)is a zero-mean (temporal) white
noise process with a covariance functionR,, (7) = 6(t) . Remember that vehicle

forward velocity is denoted byV. Also note that this ride disturbance W acts as

the input to the vehicle system.

Plugging w from (3.41) into (3.38):
X=Ax+B,C,X, +B,u

z=C,x+D,,C,x, +D,u (3.42)
y=C,x+D,,C, X, +D,u
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State-space formulation of the system can be rewritten by forming an

augmented state vector:
o | X
X = { } (3.43)

including the system states X and the disturbance state X,. The augmented state-

space model of the system is then

. [ABC, . [0 B,
X = X + VvV + u
0 A, B, 0
z=[C, D,C,[K+D,u (3.44)

y= [Cz DZICW]Y+ D,,u

or compactly

D,,u (3.45)

where

6—1 = [Cl Dllcw]9 and 52 = [Cz D21CW]

Equation (3.44) describes the combined vehicle model and the road model.

Simplified form of (3.44) is written as (3.45).
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3.4.2. Pothole input

In this thesis, two kinds of road excitation inputs, including random and

pothole excitations are used for simulation of suspension system. The former

one is explained in the previous section. The response of a vehicle to a pothole

road input is discussed in this section.

Random input is used for smooth road in order to evaluate ride comfort.

On the other hand, pothole input is used for rough road modeling where

handling is major concern. Pothole input offers a large amplitude excitation and

they are usually characterized as a half-sine wave input. But in this case, a 0.08

m depth and 0.5 m length rectangle is used. The configuration of pothole

excitation is shown in figure 3.3. Note that the rear vehicle input is a delayed

version of that at the front wheel. This delay is equal to

T =

l; +1

r

where |; + | is the vehicle wheelbase and V is vehicle forward velocity.

a0 cm

(a) Geometric representation

i
il
__-002f il ]
c Front road :: Rear road
= Disturbance i Disturbance
£ 004} L .
3] il
S ||
(0] il
g -0.06+- il -
=3 il
B2} il
O o8- i 1
-0.1 ! |

0.5

Time (s)

(b) Time domain representation

Figure 3.3. Pothole road disturbance @ v=8 m/s
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The main principle of using potholes is to introduce shocks and high
vibration levels when the vehicle passes over it with speeds higher than the
allowable speed limit. If this shock is strong enough, it can cause severe spinal
injuries [16]. Good response to a pothole input is a good indication that a

control scheme will provide good performance for other excitations.

3.5. Passive Suspension Design

In the design of a passive suspension to find suitable damping and
stiffness constants 1s important. The matrices D,, and D,, turn out to be zero in

the passive suspension case. Consider the system defined below

- {A BICW}~ {o}
X = X + 14
0 A, B,

Z= [Cl Dllcw]—x~

(3.47)

Equation (3.47) defines the passive system. It is the same as (3.45), but active

forces and measured output vector y are ignored.

3.5.1. Optimal spring and damping constants

In designing passive suspension it is important to use realistic parameter
values. The nominal vehicle parameters selected for this study are shown in
Table 3.3. In this section frequency response of the passive model is illustrated

under different damping parameters.
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Table 3.3.  Parameters used for the passively suspended half-car model

Symbols Units Values
K, N/m 22000
K, N/m 22000
Kt N/m 160000
M., kg 500
J ke.m? 2700
m, kg 50
m, kg 50
I . m 1.5
I . m 2.5
|d m 0.3

In order to find the suitable damping values for the design, frequency
responses of the outputs are plotted for the three different damping values as
shown in figure 3.4. Front wheel road disturbances are considered for the all
responses. Passive system natural frequencies occur at around 1.59 and 9.54 Hz
thus between 10 rad/s and 60 rad/s. It is important to consider the frequency
level of the outputs between the natural frequencies and the peak values at those

points.

Vertical acceleration response curves are shown in figure 3.4.a. For a large
damping, (Cs=3920 Dash-dot) there are no resonances at the sprung mass and
the wheelhop modes. For the low damping (Cs=196 Dashed), there is a
significant increase around the sprung mass natural frequency. Considering this
the reasonable damping value is chosen as 980 Ns/m. The effect of the
suspension damping on vertical acceleration and suspension deflection are

detailed in reference [6].
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Driver Seat Vertical Acc. (dB)

Pitch Angle Acc. (dB)

20
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Frequency (rad/sec)
(b)

Figure 3.4. Effect of damping on the response of the passive suspension

Cs=980 (Solid), Cs=196 (Dashed), Cs=3920, (dot)
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Front Suspension Deflection (dB)

-100 | . | 5
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Frequency (rad/sec)

(©

Front Tire Deflection (dB)

Frequency (rad/sec)

(d)
Figure 3.4. (Continued) Effect of damping on the response of a passive suspension

Cs=980 (Solid), Cs=196 (Dashed), Cs=3920, (dot)
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4. LQG REGULATOR DESIGN

In the LQG framework, the separation principle applies. By the
separation principle, the solution to the LQG problem consists of an optimal
state estimator and an optimal state feedback controller that are designed
independently. The name LQG is used because the problem involves a linear
system, a quadratic cost function and Gaussian white process and measurement
noise.

Equation (4.1) below is the same as (3.45) and shows the state space
formulation of the system with the regulated outputs considering colored noise

inputs as disturbances.

4.1)

The performance index, J is typically formulated in the standard LQ
manner to minimize the outputs. Since the system has a disturbance state it is

convenient to choose the optimal control to minimize the cost function

described by

J = [{AlZ,OF + LIOO) +

S —y 8

13 [Zsf (t) - Zuf (t)]2 + 13 [Zsr (t) - Zur (t)]2 +
Aalzyf -2 §r (017 + Aglzyr O - 2pr (O1% +

As[u, (DT + A5[u, (O 3t (4.2)

Here, the cost function for the LQG formulation is chosen to weigh the
driver seat vertical acceleration, pitch angle acceleration, suspension and tire

deflections, for the front and rear sides.
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The values of the weighting coefficients A, — A are chosen according to
the importance placed on each performance measure. Large gainsA,, 4, and
small gains A;, 4, correspond to a design that emphasizes passenger comfort.

This cost function is then placed in the standard form:

J = [[XTQx + u"Ru + 2X " Nu]dt (4.3)

S —y 8

where the matrices Q,R and N are design parameters which will be obtained

in the following sections.
4.1. Optimal State Feedback Controller Design

In this study the optimal state feedback controller is taken as linear
quadratic regulator (LQR). This formulation is chosen because the aim is to regulate
the deviation of the vehicle (regulated outputs) from its equilibrium state.

The linear quadratic Gaussian (LQG) problem is to find the control

input U(t) that minimizes the quadratic performance index J in (4.3). Actually,

LQG is the combination of the LQR with an observer which is detailed in the following

section.

The optimal controller is a feedback controller K, operating onX , and
the optimal control law is given by

u(t) = K X(t) (4.4)
where

K,=-R'B,’P (4.5)
and P is determined by solving the Algebraic Riccatti Equation (ARE):

ATP+PA—(PB+N)R'(BTP+N")+Q =0 (4.6)
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Here, K is a m X n matrix where m is the number of the control inputs and n is

the number of the state variables. For the eighth order system with two second

order colored noise inputs, the resulting gain matrix is of size 2 x 12, with the

first row corresponding to the front actuator, and the second row corresponding

to the rear actuator. The gain matrix K, is computed by lqr command in

MATLAB. The design parameters Q,R and N are computed as follows.

First RMS values of the outputs are defined as:
Z, =aX +bu

7, = @X +bu) (a,X + bu)

HERH

6 =a, X +b,u

6% = (a,X + b,u)" (a,X + b,u)

L H

u

Let enT denote the unit vectors in IR’ and where j = dim(X) + dim(u)

(24 —z4) = (e + 148, - es){—)ﬂ

o x|

(24 —24)° = { } (e, + 148, — &) (e, + lye, —ey). }

o x|

(Zsr - Zur)2 = |: :| (el - Idez - e4)T(e1 - Idez - 64). }
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From section 3.4.1,

Cyw =[0 0.1809] and w(t)=C,x, ()
X
u

~7T ~
X

(Zy5 —24)° :{ } (e, —0.180%,,)" (e, —0.1809e10)[ } 4.11)
u

~T ~
X X
(2, —2,)° = M (e, —0.18%,,)" (e, —0.1809elz)m (4.12)

The actuator effort must also be included in the cost function to ensure that it

remains bounded. Thus,

T —
j| (e;+len+l){z} (413)

uz2 = {X} (e:+2en+2){x} (414)
u u

and by using (4.7) through (4.14) in (4.2) the cost function J is rewritten as:

s0=[[7| @le oI blvake, Ik, o]

+/13(e1 +Ide2 _e3)T(e1 +Ide2 _93)
+ /13(61 - Idez - e4)T (e1 - Idez - e4)

+,(e; —0.1809)" (e, —0.1809)

+,(e, —0.1809)" (e, —0.1809)

+ /15 (el+len+l) + /15 (eI+2en+2)]}'|:)ljj|dt (415)
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The cost function J is then placed in the standard form:

HEEH,
Aol

where Q, is the quadratic performance index,

[
o=l

-]
0

or more compactly,

(4.16)

(4.17)

(4.18)

As stated at the end of the section 3.3, (3.38) represents the state-space

formulation of the half-car vehicle system without a reference to a disturbance

model included to the system. The optimal state

configuration for this system is shown in figure 4.1

feedback controller

¥
o
<]

¥

- @—bz
c, —14
v

I
» U, )

]
&

X

Figure 4.1. Linear quadratic regulator

Equation (3.44) describes the combined vehicle model and the road model.

(3.44) can be combined with the optimal state feedback controller and the

corresponding block diagram of the overall system is shown in figure 4.2
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Figure 4.2. Detailed model showing the shaping filter and the plant
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Simplified form of (3.44) was written as (3.45) and corresponding block

diagram is shown in figure 4.3

| D 5
: 22 * :
| G ¥
| ghic L ot
vit) » B ! )
i ®+ ' LAl
wo ! = = ‘
X S B > X > l
¥ | !
i A e Augmented Plant E

Figure 4.3. Simplified model showing the augmented plant

4.2. Optimal State Estimator Design

Due to practical limitations, all the states required for the state-feedback
controller are not measurable, thus an observer is used to observe the states.
Otherwise a large number of sensors must be used. In the LQG design presented
in this study it is assumed that not all the internal states of the system and all the
disturbance states are available for feedback which is true for the most cases.
Therefore Kalman state observer is designed. It is also known that while the
number of sensors used increases the cost, the use of a state estimator lowers the

performance of the control system.

For the estimator design consider the following system model:

D,,u (4.19)
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In (4.19), an artificial sensor noise @ is introduced. Then covariance structure is

defined as follows:
Q=E{w'}=1,
R=E{66"} =0,001,

N=E{ }=ENO }=0

(4.20)

where E{.} is the mean value operator and Q,R and N are the matrices

mentioned in (4.3). Then, for the estimation procedure it can proceed as follows.

The optimal state estimator is a Kalman filter. The state estimator uses

noisy measurements y and the control input U to generate estimates X of X .

Kalman filter state 1s
£ =A+Bu+K,(¥-C,2—D,,u)

and the problem is to find K; to minimize the estimation error
E{(X-%)"(X-%)}.

The optimal choice of K, can be evaluated from
K, =PC,’R™

Where P is the positive definite solution of the Ricatti equation,

AP +PA" —-PC'R'CP+Q=0

As anote, in (4.5) X is a function of output y

y=C,X+D,u

but the input U itself is generated by a state feedback law as

A

u=-K_X

[+
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Thus, for simulation purpose the system dynamics (4.25) can be augmented
with that of the observer equation (4.21). First by plugging (4.26) into (4.21)
and (4.25) to obtain:

~

£=(A+D,K, —B,K, —K,C)R+K,§ (4.27)
y=C,%-D,K (4.28)

<
>

c

and resulting Kalman estimator can be formed by plugging (4.28) into (4.27)

~

2=(A-B,K, -K,C,)%+K,C,X (4.29)

c

then Kalman state combines with the system by plugging (4.26) into (4.1)

° (4.30)

Now state feedback and the state estimator are designed. The gain matrix K is

computed by Ige command in MATLAB. Finally a new state vector can be

written by forming an augmented state vector X :

A

X
X = { } , closed loop state vector (4.31)
X

including the system states X and the disturbance state X . And then, closed-loop

dynamics of the system can be described by using augmented state vector X :

.| A -B,K, _ I8
X = ~ o~ o~ ~ X+ 1%
| K(C, A-B,K,-K;C, 0
7=[6, -D,K. kK (4.32)
or more compactly
X=AX+B.v 4.33)
z=C_.X

42



The optimal state feedback controller and the optimal state estimator may be
combined as shown in figure 4.4 to form an LQG controller. This controller
uses a set of noisy output measurements, control signal measurements and an
internal model of the system dynamics to provide optimal regulation of the plant

[12].
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Figure 4.4. Linear quadratic Gaussian controller

Heave and pitch acceleration of the sprung mass with suspension and tire
deflections are taken as input data of the LQG controller. Actuator forces
improving vehicle driving, ride comfort and handling properties are considered

to be the controller outputs.

43



4.3. Determining Weighting Coefficients

The problem of controller design is a challenge for finding suitable
weightings that satisfies the design performances. In order to find appropriate
weights stochastic inputs are applied to simulate realistic road surface
conditions. In this way trade-off curves which are used to find parameters that
constitute the performance index are obtained. Now, recall (4.17) which is

rewritten below.

MO o

Minimizing procedure of J starts by finding Q, . Before to find Q, the

coefficients A, — A, are found. These coefficients are mentioned in (4.2) and
(4.15).

As stated in the section 3.4 while it is not possible to predict the value of the
ride input at any specific instant of time it is possible to describe stochastic ride
inputs by filtering white noise. Nondeterministic inputs are applied to simulate
the road surface conditions more realistically. With these inputs, stochastic
response of the system which will enable us to weight outputs of the system by

selecting proper A'S is obtained.
Now, consider the system defined by (3.38),

X=Ax+B,w+B,u
z=C,x+D,w+D,u (4.35)
y=C,x+D,w+D,u

When stochastic response of the system is considered, delay between rear and

front wheels must be included in the model.
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The disturbance, z,, at the rear wheel is identical to the disturbance, z,, at the

front wheel except for a pure time delay. Note that z, and z_, are uncorrelated

for the time delay between them
Z,, =2, exp(-1/v)
or

W, (1) =w,(t—7)

where | is the distance between front and rear wheels,

(4.36)

(4.37)

(4.38)

and 7 is the time delay between the two wheels. Approximating delayz Pade

expansion of degree three

Xp = A, X, +B,w,

w, =c X, +d,w,

(4.39)

is used and then by using state-space formulation of Pade expansion defined in

(4.39), road input vector is written as:

or more compactly

w=C_ x,+D,w,
and plugging (4.41) into (3.38) the system dynamics are
Xx=Ax+B,(C,x,+D,w)+B,u

z=Cx+D,(C,x,+D,w,)+D,u
y=C,x+ Dzl(Cpxp + Dpwl)+ D,u
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State-space formulation of the system can be rewritten

augmented state vector:

o

Including the system states X and state of the Pade system X

state-space model of the system is described by

. [A BC, B,D, B,

X = X + w, + u
0 A, B, 0

z=[c, D,C,Jk+D,D,w,+D,u

y=|c, D,C,Jk+D,D,w, +D,u

or more compactly

Then augmented representation of the system is

< |A BC,|. [0 B,

X = X+ v+| 2
0 A B,| |0

z= [él ﬁllcv}i+ D,,u

y= léz [A)zlcvji"' I:A)zzu
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(4.43)

. The augmented

(4.44)

(4.45)

(4.46)

(4.47)



or simply

z=C,X+D,u (4.48)

Equation (4.48) is identical with (4.1) but time delay between the two wheels is
defined in this case. Then state feedback and state estimator are designed for the
system in the same manner as in explained in the sections 4.1 and 4.2. After

feedback and observer gains, K, and K, are obtained closed loop design is

completed. These procedures are not explained again and closed loop

configuration of the system is written below.

[ A ~B,K, _[B
X = ~ o~ o~ ~ X+ %
| K(C, A-B,K -K;C, 0
(4.49)
Y:_él _Dlch]X;
or simply
X=AX+B.yv (4.50)
Z=C.X '

Equation (4.50) represents closed loop configuration of the system. By
using (4.50) RMS and frequency response of the system are obtained and for the

RMS response the state covariance matrix P, can be calculated by solving the

Lyapunov equation,

AP +P A +BB' =0 (4.51)
By lyap command in MATLAB and then output covariance matrix P, is

T
P, = CaPLCq (4.52)
Square root of P, is RMS response of the system. Figures 4.5 and 4.6 show

trade-off curves.
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4.3.1. Trade-off curves

In order to observe the trade-offs between regulated outputs of the

system, first 4, and A; which weight pitch acceleration and suspension-tire

deflections are fixed at 150 and 1, respectively, and the value of A, is varied

over the range from 1 to 500. Weights for the actuators are set to be 3.107%.
Trade-off curve to weight heave acceleration is shown in figure 4.5.a. In these
plots one can see that the optimum value for 4, is 150. For the A, above 150,
rms value of the driver seat vertical acceleration decreases but rms pitch
acceleration, suspension and tire deflections increase. Therefore it is not

convenient to increase A, further more.
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Figure 4.5. Trade-off curves to weight driver seat vertical acceleration

(1 < ﬂ,l < 500, 12 = 150, 13 = 14 = 1, 14 = 25 = 0,0003 @ v=108 km/h)
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Figure 4.5. (Continued) Trade-off curves to weight driver seat vertical acceleration

(1< A <500,4y =150, 43 = A4 =1, A4 = A5 = 0,0003 @ v=108 km/h)
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Figure 4.5. (Continued) Trade-off curves to weight driver seat vertical acceleration

(1< A3 <500, 4y =150, 43 = A4 =1, A4 = A5 = 0,0003 @ v=108 km/h)

50



In order to obtain optimum value for A, the same procedure applies. But in this
case A, is set to be 150 and the value of A, is varied over the range from 1 to
500. Analyzing figure 4.6 one notices that the optimum value for 4, is 150. As
a note, for the outputs, greater weight means more decrease and smaller weight
correspond more increase in rms. Trade-off curves to weight pitch acceleration
i1s shown in figure 4.6.a. In this case, as the A, increased, pitch and heave
acceleration have a small decrease, but front suspension and tire deflections

increases. Thus A, is set to be 150.
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Figure 4.6. Trade-off curves to weight pitch angle acceleration
(A4 =150,1 < Ay <500, 43 = A4 =1, A4 = A5 = 0,0003 @ v=108 km/h)
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Figure 4.6. (Continued) Trade-off curves to weight pitch angle acceleration
(A4 =150,1 < Ap <500, 43 = A4 =1, 44 = A5 = 0,0003 @ v=108 km/h)
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Figure 4.6. (Continued) Trade-off curves to weight pitch angle acceleration
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4.4. System Response

After determining weighting coefficients A, — A, frequency and time

domain response of the designed system can be obtained. The parameters used
in these simulations are the same as listed in Table 3.3. The simulations are

realized with the MATLAB.

4.4.1. Frequency domain response

This section presents the frequency response of the vehicle. The bode
plots (only magnitude shown) of the controlled system, i.e. the vertical
accelerations, the pitch accelerations, the suspension and the tire deflections are
illustrated in figure 4.7. The vibration level is closely related to the discomfort
of the driver and the passengers.

In these plots, one notices approximate natural frequencies in the 1.59
and 9.54 Hz ranges, or 10 and 60 radians per second on the plot. While the first
peak, just above 1 Hz corresponds the natural frequency of the sprung mass
(mass mode), the second peak, at the vicinity of 10 Hz represents the natural
frequency of the unsprung mass (wheelhop mode).

Human beings are most sensitive in the range specified above and
therefore as the ride comfort is concerned it is important to attenuate body
acceleration on these frequencies primarily. In fact, vehicle suspensions filter
out high frequency inputs, but allow lower frequencies to pass through to the
body of the vehicle. Also, human discomfort is known to be most sensitive to
vibration in the vertical direction. The driver is placed toward the front of the
vehicle, so he is more directly exposed to the front road disturbance.

The reduction in heave and pitch acceleration in the low frequency range
corresponds to the increase in the suspension and tire deflections in this range.
From the frequency plots for suspension and tire deflections the peaks occur at

the two modes of the vehicle, as expected.
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On the other hand, one can see that the peak that corresponds to the
wheelhop natural frequency is of slightly greater magnitude than the sprung
mass mode. This is because active suspension control, in general, does not
improve response around the wheelhop frequency. The acceleration responses
are close to the passive response at this frequency and they cannot be decreased
by feedback. This is largely attributed to the most significant contribution to this

mode is tire stiffness, a parameter over which the controller has no control.
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Figure 4.7. The frequency response for the actively suspended vehicle to a colored noise ride

input @ v= 108 km/h. Solid line: active; dash and dots: passive
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Figure 4.7. (Continued) The frequency response for the actively suspended vehicle to a

colored noise ride input @ v= 108 km/h. Solid line: active; dash and dots: passive
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Figure 4.7. (Continued) The frequency response for the actively suspended vehicle to a
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In order to analyze the results in a different point of view, Table 4.1 below is
arranged. In the table, reduction column shows the net RMS reduction of the
outputs by the active suspension. Since, passenger comfort in a road vehicle
depends on a combination of vertical motion (heave) and angular motions

(pitch) the greater importance are given to them.

Table 4.1. RMS values comparison for the design

Regulated Output RMS Value RMS Value Reduction
(Passive) (Active) (%)
Driver Seat Vertical Acceleration 2.1884 1.1689 46
Pitch Angle Acceleration 0.8876 0.6462 27
Front Suspension Deflection 0.0291 0.0248 14
Rear Suspension Deflection 0.0244 0.0225 8
Front Tire Deflection 0.0100 0.0127 -
Rear Tire Deflection 0.0098 0.0121 -

On the other hand, Table 4.2 below shows the comparison between passive and
active system modes (natural frequencies). Since the system is 4-DOF, two
modes for the high frequency (wheel-hop modes) and the other two modes for
the low frequency (body modes) totally four modes exist. These modes are
deterministic values which are calculated from open and closed system matrices.

In the active case, these modes are tried to be reduced.

Table 4.2. Comparison of the system modes

Passive Case Active Case
(rad/s) (rad/s)
Body Modes 59 57.4
59,8 58.7
Wheel-Hop Modes 9.4 7.5
7.1 6.2
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4.4.2 Time domain response

It is useful to check the result on the time domain as well. Figure 4.8

shows the

a)

Figure 4.8.
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random time response of the designed system.
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Figure 4.9. Random time response for the actuators

From figure 4.9 it can be observed that control forces are bounded. So far, for
the half-vehicle system, random road disturbances are considered. The response
of a vehicle to a pothole road input is also discussed and corresponding figures

are shown in figure 4.10.

For the all figures shown in this thesis, except the figure 4.10, a fixed vehicle
velocity (108 km/h) is considered. However, it is meaningful to investigate the
vehicle response for different velocities. Figure 4.11 is plotted in order to
observe the system response as a function of vehicle forward velocity. It is

shown that deflections and accelerations increase with speed.
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Figure 4.10. Comparison of the responses of the actively and passively suspended vehicles
when subjected to the pothole type road disturbance
(Solid line: active; and Dots: passive @ v=8 m/s)
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5. CONCLUSION

5.1. Conclusion and Results

In this thesis, a design methodology for active-passive suspension
systems was presented for a half-vehicle model. The design procedure is based
on the minimization of a quadratic performance index that penalizes the heave,
the pitch accelerations and the suspension and tires deformations. By the LQG
design, methodology a compensator was designed and its performance
characteristics were evaluated.

The road inputs were modeled as the zero-mean colored noise process
applied at the input of a linear shape filter whose outputs were derived from the
measurements of the road profile power spectrum by an identification algorithm.
The Kalman filter was used as an observer to estimate the system states, to
make state-feedback implemental.

The performances of the actively suspended vehicle and the passively
suspended vehicle system was compared for two kinds of road conditions,
namely pothole and random road excitations in terms of the vibration
suppression, tire-to-road contact and the demand for rattlespace. RMS responses
were computed as well. The simulation results show that an active suspension
gives a better performance in terms of ride comfort compared that the passive
suspension. An active suspension also increases tire-to-road contact in order to
make the vehicle more stable.

More specifically, the simulations in section 4.4 showed that the sprung
mass accelerations and unsprung mass displacements of the active system were
dramatically smaller than its passive counterpart in the frequency range 1-10 Hz
in which the human body is most sensitive to vibration. However, the
acceleration attenuation at frequencies of the wheelhop mode are unaffected by
the controller. This is because active suspension control, in general, does not

improve response around the wheelhop frequency.
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For random road disturbances, the proposed full state feedback active
suspension reduces RMS sprung mass vertical acceleration around % 46. This
ratio is % 27 for the pitch angle acceleration, and nearly 14 %, 8 % for the front

and rear suspension travels, respectively.

5.2. Recommendations for Future Work

As a recommendation for the future work, we suggest using a full car
model in the design. In this way, a more realistic vehicle model can be proposed.
For the road model a simple second order linear shape filter was used in this
thesis. Also, higher order shape filters may be used to predict the behavior of
the vehicle subjected to random excitations. The system can also be extended to

a realistic automobile by adding more DOF’s.
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