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Abstract: In this present investigation, we introduced a certain subclass of starlike and convex functions of complex
order b, using a linear multiplier differential operator D', f(z). For this class, the Fekete-Szegd problem is completely

solved. Various new special cases are considered.
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1. Introduction
Let A denote the family of functions f of the form

f(2) :z—i—Zanz” (1.1)
n=2
which are analytic in the open unit disk & = {z: |z|] < 1}. And let S denote the class of functions which are

univalent in U . It is well known that for f € S,
states that for f € S given by (1.1)

az —a3| < 1. A classical theorem of Fekete-Szegd (see [7])

3—4n if n<o0,
ag—nag < 1+2exp<%) if 0<n<1,
an -3 if n>1.

The latter inequality is sharp in the sense that for each 7 there exists a function in S such that the

equality holds. Later, Pfluger (see [18]) has considered the complex values of 1 and provided the inequality

-2
exp (’7)‘
I—n

To date, several authors have attempted to extend the inequality above to more general classes of analytic

|a3—na§ <142

functions.
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Given 0 < a < 1, a function f € A is said to be in the class §*(a) of starlike functions of order « in U
if

%(Z]{;S>>>a, zelU, 0<a<l.

On the other hand, a function f € A is said to be in the class of convex functions of order « in U, denoted by
Cla), if

2f"(2)
3‘%(14— 702) ) >a, zeU, 0<a< 1.

A function f € A is said to be in the class of starlike functions of complex order b (b € C — {0}), denoted by

82 (b), provided that
éR{Hll) (fo;ij) 1)} >0, (zel).

Furthermore, a function f € C.(b) is convex functions of complex order b(be€ C — {0}) and type
a(0 <a< 1), that is, f € C.(b), if it satisfies the inequality

§R{1+2 (Z}C,/;S))} >0, (zelU).

The class SF(b) of starlike functions of complex order b(b e C — {0}) was introduced by Nasr and

Aouf [13] while the class C.(b)) of convex functions of complex order b (b € C — {0}) was presented earlier by
Wiatrowski [22]. In particular, the classes S¥(1 —a) = §*(a) and C.(1 —a) = C(«) are the familiar classes of
starlike and convex functions of order o (0 < o < 1) in U, respectively.

The linear multiplier differential operator D;’?H f was defined by Deniz and Orhan in [6] as follows

DY f(z) = f(2)
Dyuf(2) = Dauf(z) =Mz (f(2))" + A= pw)z(f(2)) + 1= A+ p)f(2)

D, f(2) = Diu(Dx,.f(2)

DY f(z) = Dau (DY F(2))

where A > > 0 and m € Ny = NU {0}.
If f is given by (1.1), from the definition of the operator Dgfﬂf(z) it is easy to see that

Nuf(z) =2+ Z 14+ Aun+X—p)(n—D]"apz". (1.2)

It should be remarked that DT,M is a generalization of many other linear operators considered earlier. In

particular, for f € A we have the following;:

o DT f(z) = D™f(z) is investigated by Salagean [21].
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o DY'of(z) = DY f(2) is studied by Al-Oboudi [2].
o DY, f(2) is firstly considered for 0 <y < A <1, by Raducanu and Orhan [20].

Now, by making use of the differential operator DY",, we define a new subclass of analytic functions.

Definition 1.1 Let b be a nonzero complex number, and let f € A , such that D;\’fuf(z) #0 for zeU—{0}.
We say that f belongs to Sy, (b, \, u,v) if

R (1 N 1 ((z(DTHf(z))/ +v22 (DY, f(2)"

-1 >0, 0<pus< Ay, meN, 0<v<l, zeld
b \ (1= v)DY, f(z) + v2(DY F(2)) ))

By giving specific values to the parameters m,b, A\, and p, we obtain the following important sub-
classes studied by various authors in earlier works, for instance, Sy, (1 — a,1,0,0) = S,,(c) (Salagean [21]),
So(b,1,0,0) = S(b) (Nasr and Aouf [13]), S1(b,1,0,1) = C.(b) (Wiatrowski [22], Nasr and Aouf [14]). Indeed,
many authors have considered the Fekete—Szegd problem for various subclasses of A, the upper bound for
‘ag — na%‘ has been investigated by various authors (see [1, 3-5, 9-12]), see also recent investigations on this
subject by [6, 8, 15, 16]. In the present paper we concentrate on the Fekete—Szegd problem for the subclasses
S (b, A, 1) and Cp, (b, A, ).

2. Main results
We denote by P a class of analytic function in & with p(0) = 1 and p(z) > 0. In order to derive our main

results, we have to recall here the following Lemma (see, [19]).

Lemma 2.1 Let p € P with p(z) = 1+ c12 + c22? + ..., then
len| <2, forn> 1.

If |e1| = 2 then p(z) = p1(z) = (1 + 712)/(1 — y12) with y1 = ¢1/2. Conversely, if p(z) = p1(z) for some

|v1] =1, then ¢y =271 and |c1| = 2. Furthermore, we have

o
Cy — —

<2—-—.
2

2 2
If le1| < 2 and ’cz -3 =2- %, then p(z) = pa(z), where

Y2241

(Z) _ 1+ Zl+’71W2Z
p2 T - p2ztm
1+71722

2
2co—cy

and y1 = ¢1/2, 12 = 4_|Cl‘2.00nversely, if p(z) = p2(2) for some |y <1 and |y2| =1 then y1 = ¢1/2,

2
<2-lab,

2 o2
V2= e and ‘02 -3
Now, consider the functional |az —na3| for a nonzero complex number b and n € C.
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Theorem 2.2 Let b be a nonzero complex number and 0 < v <1, ne€ C, 0 < u < . If f, represented in
the form (1.1), is in Spm(b, A\, p,v), then

|az] < (Vf|1b)|A’”’ (2.1)
las] < (21/_’_|b1|)Bmmax{l7 |1+ 2b|} (2.2)

and
Mg—nﬁ’<(mqﬁthnmx{L1+Qb—4%é?ﬁbgi;/}7 (2.3)

where A= (1+ 2 u+AX—p)) and B= (1423 \u+ XA — p)) . Consider the functions

(AL F()) )

7A§7:f(2) =1+0bp,(z) —1] (2.4)
and

(AT () )

W_ 14 b[py(2) — 1], (2.5)

where p1, pa are given in Lemma 2.1. Equality in (2.1) holds provided that (2.4) is valid. The equality in (2.2)
is attained if (2.4) and (2.5) are both satisfied. Similarly, the equality in (2.3) is satisfied for each n given that
(2.4) and (2.5) are valid.

Proof Denote AY!f(z) =(1—v)DY', f(z) + uz(D;’fuf(z))/ = 2+ 222 + 3323 + .... Then
/82 = (V + 1) Amag, 53 = (21/ + 1) Bmag. (26)

AT f(2))

By definition of the class Sy, (b, A, u, V), there exists p € P such that NG IO 14+ b(p(z) — 1), so that
Asp

z (142622430322 + ...)
Z+ 222 + (323 + ...

) =1-b+b(l+crz+cz?+..),

which implies the equality
242B22°43B52° + ... = 2 + (bey + /82)22 + (bea + Bobey + ﬂ3)23 + ...
Equating the coefficients of both sides of the latter we have

b2c2 b
N (2.7)

B2 = beq, 5317 9

so that, on account of (2.6) and (2.7)

bCl b

S R SR 9 Y 2.
(V"—l) A"l? as 2(21/+ 1) Bm( Cl +02) ( 8)

g =
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Taking into account (2.8) and Lemma 2.1, we obtain

b 20|
= < , 2.
[a2] ‘(y—i—l)AmCl CERWG (2:9)
and
b A 142,
las] ’2(2y+1)3m [02_2+ 2
10| e |? e |?
2(2v+1)B™ + 1+ 20 2
10| o |1+2b[—1
1
Grrnpe |l 4
L L,[1+[|1+2b -1
resulting in
0]
|a3| < mmax{:l, |]. + 2b‘} .

Then, with the aid of Lemma 2.1, we obtain

las — na3| = ¥(b02 + ¢3) _n&
’ 2 20v+1)Bm L (v +1)% A2
1b| Al e anb (2v + 1) B™
579, L 1\ pm - =+ —1+2b- —— 21
S2@ense \|?7 2T 2 T T T am (2.10)
|| |C1\2 |c1|2 4nb (2v + 1) B™
2— 1+26— — < —
- 2(Zv+1)Bm 2 Tt (v + 1) A2m
I la1|? 4nb (2v +1) B™
— i+ 2 (-
(2v+1) B™ 4 (v +1)% A2m
|b] A1 |1 gy b2 +1) BT
. nax _— .
(2v+1)B™ ’ (v 4 1) A2m

Let us now obtain the accuricies of the estimates in (2.1)—(2.3).

Firstly, in (2.1) the equality holds if ¢; = 2. Equivalently, we have p(z) = p1(z)

1+ 2)/(1 - 2).

Therefore, the extremal function in Sy, (b, A, 1, V) is given by

AT 1+ (20— bz

Brfe 1 241
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Next, in (2.2), for the first case, the equality holds if ¢; = ¢ = 2. Therefore, the extremal functions in
Sm(b, A\, p,v) is given by (2.11) and for the second case, the equality holds if ¢; = 0, ¢z = 2. Equivalently, we
have p(2) = p2(2) = (1 + 22)/(1 — 2?). Therefore, the extremal function in S,, (b, A, i1, v) is given by

2ALTF(2) 14 (2b—1)22
A’;\Zlf(z) N 1— 22

(2.12)

Finally, in (2.3), the equality holds. The extremal function obtained for (2.2) is also valid for (2.3).
Thus, the proof of Theorem 2.2 is completed. O

Next we consider the case when n and b are real. In this case, the following theorem holds.

Theorem 2.3 Let b >0 and let f € S;(b, A\, p,v). For n € R we have

b 2n(2v4+1)B™ < (rt) 242m
@urnB™ {1 +2b {1 ~ Trnraee } } if 1< e

— a2 b o (prpZaz (A42b) (v41)2 A%™
’(13 77@2’< @rr1)B™ if SeutnEm SN B2t )BT
b 4nb(2v+1)B™ S (1+20)(v+1) 2A%m
e [ 2] i > SR

where A= (14 2 A+ A —p)) and B = (1423 \u—+ X — p)). For each n, the equality holds for the functions
given in equations (2.4) and (2.5).

Proof First, let n < é?;,l_zi;‘;j < uz%%,(jﬁl)gﬁzm . In this case it follows from (2.8) and Lemma 2.1 that
b lal? | el? 4nb (2v + 1) B™
2
- 2 |plab 14op P
as — 13| 2(2v +1)B™ o T g (1T (v + 1) A2m
b 2n (2 1) B™
142 |1- %
(2v+1)B™ (v +1)% A2m
(v+1)2A42™ (142b) (v+1)2A%™

Let, now, BT NSNS “heurnEe Then, using the estimations obtained above, we reach

las — na2| < b
(2v+1)B™

Finally, for n > %’ it follows that

b lea)® ) [ 4nb (20 + 1) B™
g —nas| < —m—— |2 —1-2b
43— Nz 2(2v +1)B™ 2 T3 (v +1)2 A2m
2 m
_ b 2+|Cl| 477b(2y—i;1)B 99
2(2v+1)Bm™ 2 (v +1)% A2m
b 4nb (2v 4+ 1) B™
: —2b—1],
(2v+1)B™ | (v41)% A2m
which concludes the proof of Theorem 2.3. O

Finally, considering the case of a nonzero complex number b and real 7, we obtain:
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Theorem 2.4 Let b be a nonzero complex number and let f € Sy, (b, A\, u,v). For n € R we have

4]b)? b||sin 6 ,
ﬁ[%(h)—nH% if m< Ny,
b .
|a3 - 77a§| < 4(2VH‘)2BTL if Ny <n< Ry,
4|b b||sin 6 .
(V+1|)2‘A2m [77 - §R(kl)] + % Zf n 2 R1~

. m m _i0
where A = (1+2\u+A—p) and B = (1+2@ M+ A — ), [l = bei?, ky = GEDAT 4 Gl Ael

l = %, Ny = R(k1) — £1(1 — |sinf]| and Ry = R(k1)+ 41 (1 — [sinf|). For each n there is a function

in Sy (b, A, 1, v) such that the equality holds.

Proof From inequality (2.10), we may write

2
2 0] e e ] dnb (2v + 1) B™
- = a5 - —= ——1+2p- - 7
s 220+ 1) B™ ('62 1 PR
< 1 2 — |Cl|2+|61|2 1+2b_w
S 2(2v+1)Bm 2 2 (v 1 1) A2m
1b] le1|? 4nb (2v + 1) B™
= 1+20— ——————— | —1| +2
2 (21/ —+ 1) Bm 2 (V + ]_)2 A2m
|b] |b] dnb (2v + 1) B™

—2—1|—1] e ]?

Qu+1)B™ " 4Qu+1)B™ || (v41)% A2m

o o
(2v+1)B™ (v + 1)2 A2m

(v+1)2A2m (v +1)% A2m
2(2v+1)B™  4b(2v+1) B™

(v +1)% A2m
416 (2v + 1) B™

e

. . 2 p2m 2 p2m 160 2 p2m
Expressing |b] = be?® (or b= [b|e™ ), é'{;ﬁl‘;‘Bm + EJ;T(IQ)V_A;l);m = k; and Wﬁ = /(1 in the last

inequality, we get

b bf?
@+ 0B | (pr 1A

|as —na3| < TR ARANE

|b] bl
2v+1)B™ (v 41)% A2m

[ = R(ky)| + €, ]sinb] — ] |ex|*

b b|? '
BNCZ +| 1|>Bm ! (1/+|1)2A2m (I = R(k)| = £,(1 = fsin O] fea”. (213)

We consider the following cases for (2.13). Suppose n < R(k1). Then

0] 125
24+ 1)B™ (v +1)% A2m

as —na3| < ( [R(ky) = €,(1 = [sin]) — n] |ea|*

0] b 2
= N;— . 2.14
(21/ + 1) B™ + (I/ + 1)2 A2m [ 1 77] lcl‘ ( )
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Let n < Ny = R(k1) — 41 (1 — |sinf]). On using Lemma 2.1 and ¢; = % in inequality (2.14), we get

b| 41p|? 41b? (v +1)% A2m ,
as —na2l < | R(k,)—n) — 1—|sinf
0] 4 b 10| :
= — - (1 -
(21/+ 1) Bm (V+ 1)2 A2m ( ( 1) 77) (2I/+ 1) Bm ( |Sll’19|)
41p? Rk) — ) || |sin 6]
(1) azm VT g Ty B
If we take Ny = R(k1) — €1 (1 — |sind]) < n < R(k1), then (2.14) gives
|113 —na | 7‘“
2% (2v+1)Bm
Let n > R(ky). It then follows, from (2.13), that
jas —nad| < 5" () + 6,1 s )]
PTIRIS @B T )z aze VA !
b b|?
u B - Ryl (215)

- (2v+1) B™ (v+ 1)2 A2m

Let n < Ry = R(k1) + ¢1 (1 — |sin@]). On using (2.15) we obtain

‘ _ 2| < 0]
as 77a2 B (2]/+ 1) Bm
Let n > Ry = R(k1)+ /41 (1 — |sinf|). Employing Lemma 2.1 together with ¢; = LA,,L in equality (2.15),
b2+ 1) B
we obtain
jaz — naZ| “ CEL AV N B R 7
? Qu+1)B™ " (1 + 1) A2m VT Gy Bm
41b? |b] |sin 6]
< —————m—Rky)))+ —/——————

Therefore, the proof is completed. O

Corollary 2.5 If we take A=1 and =0 in Theorems 2.2-2./, we have the following results, respectively:

1. Let be C, b#0 and f € Sy, (b,v). Then, for n € C we have

|a2| < ‘bl )
(v+1)2m—1
0]
|a3| § mmax{17‘l+2b|}
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and

L4 2b—ap 2D <3)
(v+1)° \4

> 0]
|a377a2|§(2y+1)3mmax{1, }

Equality holds for the cases A\=1, u =0 of 2.4 and 2.5 in Theorem 2.2.

Let b>0 and f € S;,(b,v). Then, for n € R we have

b 2n(2v41) m . (v+1)2 m
(PESVEDD {1 +2b {1 - ?lE+1)2 (3) } if n< 2(2u+)1) (3)"
+

2 b o (v+1)? r4\™m 1+2b) (v+1)? (4\m
|as — na3| < @uti)3m if 2((21/+)1) (3)" <n< ( gb(2)15+1)) (3)"
b Anb(2v+1) [3\™ . 1420) (v+1)% (4\™
2v+1)3™ [ n(u(+1)2 : (Z) —2b — 1} if n= ( 4b(2)15+1)) (5) :
For each n, the equality holds for the cases A=1, u =0 of 2./ and 2.5.
Let be C, b#0 and f € S;,(b,v). Then, for n € R we have
b|? b||sin 0 .
M%[%(kl)—nH% if < Ny,
|ag —na3| < (211-‘!-b1‘)§>"’ if Ni<n< R,
b b||sin 6 .
it = Rk + G i 0> R,

. v 2 m m (p 28i9 m v 2 .
where b = be®®, by = 35tV ()™ = (3)" i 6= (3" misdy s M= R(k) — 6 (1 - [sin6))

and Ry = R(k1)+ £, (1 — |sinf|). For each n, there is a function in Sp,(b,v) such that the equality holds.

For the particular cases of the parameter v in Theorems 2.2-2.4, the results of the current paper agrees
that of [17].
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