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Abstract

In this paper continuity properties of the set-valued map p — Bp (o), p € (1, +00), are considered
where Bp (1) is the closed ball of the space L ([fg,0]; R™) centered at the origin with radius .
It is proved that the set-valued map p — Bp(ug), p € (1,+00), is continuous. Applying obtained re-
sults, the attainable set of the nonlinear control system with integral constraint on the control is studied.
The admissible control functions are chosen from B, (i4(). It is shown that the attainable set of the system
is continuous with respect to p.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Let || - || be Euclidean norm in R™, |lu(-)||, (1 < p < +00) be a norm in L, ([fo, 0], R™),
where L, ([fo, 0], R™) denotes the space of measurable functions u(-):[fp,6] — R™ with
bounded ||u(-)||, norm and
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For p > 1 and po > 0 we set

By (o) = {u() € Ly(l10,01. R™): |u()| , < ao}- (L1

It is obvious that B,(uo) is the closed ball centered at the origin with radius wo in
L,([t0,0], R™).

The Hausdorff distance between the sets A C R™ and E C R™ is denoted by h(A, E) and is
defined as

h(A, E) = max{ supd(x, E), supd(y, A)}
xXeA yeE
where d(x, E) =inf{||x — y||: y € E}.
The Hausdorff distance between the sets U C L, ([t0, 01, R™) and V C L, ([to, 0], R™) is
denoted by 1 (U, V) and is defined as

hi(U, V) = max{ sup di(x(),U), sup di(y(), V)}
x()ev y()eU

where di (x(), U) =inf{[lx(-) — y()ll1i: y() € U}, p1 €[1,00), p2 €[1, 00).

For £2 C R" we denote by 14(£2) the Lebesgue measure of the set §2.

The need to evaluate the distance between the sets arises in various problems of theory and
applications (see, e.g., [1,2,4-6,8—10,13] and references therein).

In this paper, the Hausdorff distance between the sets B, (10) and B, (1o) is studied where
p > 1 and p, > 1. In Section 2 we prove that h1(B,(uo), Bp,(10)) — 0 as p — p, — 0
(Proposition 2.5). In Section 3 it is shown that h1(Bp(uo), Bp,(i0)) — 0 as p — p. +0
(Proposition 3.5). As a corollary of Propositions 2.5 and 3.5, Theorem 3.6 concludes that
h1(Bp (o), Bp, (o)) — 0 as p — p. In Section 4 we consider attainable sets of the nonlin-
ear control system with integral constraints on control. B, (io) is chosen as the set of admissible
control functions. As an application of Theorem 3.6, it is proved that the attainable set of the
control system is continuous with respect to p (Theorem 4.2).

Let H € (0, 00). We set

Bl (no) = {u() € Bp(uo): u(®)| < H for every € [19, 61}
The following proposition characterizes the Hausdorff distance between the sets B, (o) and

B,If (o).

Proposition 1.1. Let p > 1, H > 0. Then the inequality

210

hl (Bp(MO)’ BII)-I(IU’O)) < Hp—l

holds.

Proof. Let us choose an arbitrary u(-) € B, (o) and define a function u.(-) : [fp, 0] — R™, set-
ting for ¢ € [tg, 0]

u(t), lu()ll < H,

Uyu(l) =
0 uZEiin H, |lu(@)|>H.

(1.2)
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It is not difficult to verify that u,(-) € Bﬁ (o). Let

2 ={relt.0]: |u@|>H}.

Then using Holder and Minkowski inequalities, we have from (1.2) that

p=1
() — )], = / o) — a0 d < 2p1012(2) "7 (1.3)
Q
Since u(-) € Bp(o) and |lu(t)|| > H for every T € £2, we obtain
6
Hou@ < [Juo]? de < [ Jueo)]”av <
2 fo
and consequently
p
Ho
n($2) < e (1.4)
Then it follows from (1.3) and (1.4)
N P
Mo \ 7 214
||u(-)—u*(~)||1 <2M0<m> ZW-
Since u(-) € By (o) is arbitrarily chosen, we get the inequality
2uf
sup  di(u(). B} (n0)) < =2 (1.5)

—1
u(-)€Bp (1o) HP

Since B ﬁ (0) C Bp (o) then (1.5) completes the proof of the proposition. O
We obtain the following corollary from Proposition 1.1.

Corollary 1.2. Let p, > 1 and & > 0. Then there exists H,(e) > 2o such that for all H > H,(¢)
the inequality

h1(Bp (o), B} (o)) <&

holds for any p € ["”‘jl , 2D+l

2. Left evaluation of B (uo)

In this section, we will evaluate the Hausdorff distance between the sets B, (o) and B, (i40)
as p— px —0.
Let

aozmin{%,l}. 2.1
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Proposition 2.1. Let p, > 1, ¢ € (0,a0) and Hy > H; > 2ug. Then there exists §; =
81(e, Hy, Hy) € (0, p*z_l] such that the inclusion

Bl (1u0) € BJP (10) +2(6 — 10)eB1 (1)
holds for all p € (px — 81, ps) where ag > 0 is defined by (2.1) and B1(1) is defined by (1.1).

Proof. Let

81(e, Hy, Hy) =min{B (e, H), B2(e, Hy), p« — p1(Hy, Ha)}

where
1
Pl(Hl,H2)=maX{p*+ ; - H}
2 1 +logn 7
o
Bi(e, Hy) (1 : )
16 H)=ps\ 1l - ————
i 1+ logu, H‘Ts
"o
Ba(e, Hi) (1 : )
o2&, 1) = p I —
* 1+10g% H]l_lTs
0

It is not difficult to verify that 61 (e, Hy, H>) € (0, p*z_l ].
Let u,(-) € B;,i1 (o) be arbitrarily chosen and p € (p« — 81(¢, Hy, Ha), p«). We set

Px=p  pepx
up@) =u )| 7 o 7, 1€lt0,6) 22)
Since u.(-) € B . (o) and p € (px — 81(g, Hi, Hp), py), it is possible to prove that u,(-) €
pz(MO)-
Denote
A(e)={telt,0]: 0< |us()|| <e},  Be)={telt,0]: e <|us)| < Hi}.

Lett € A(e). Then O < |lu.(¢)] < é&. Since ¢ < “20 and p < p, then we obtain

WAWP—<Mﬂm5__‘ 2.3)

for every t € A(e).
Let r € B(g). Then ¢ < |luy(¢)|| < H; and this gives
px—p

1_(§g ; _(wxmvl’gl_(i>”, Q2.4)
1o 140 1o

Since p € (px — 81(¢, H1, Hy), ps«), then we get from (2.4) that the inequality

Px—Pp
‘1_<|Iu*(t)||> z ‘gi
o H,

holds for every ¢ € B(¢) and consequently




Kh.G. Guseinov, A.S. Nazlipinar / J. Math. Anal. Appl. 335 (2007) 1347-1359 1351

1— <M>T‘ <e. 2.5)
o

Finally, it follows from (2.3) and (2.5) that

us]

Jup) = )], e (A@) + n(B@) | <2660 ~10). (2.6)

Since p € (p« — 61(¢, Hy, Ha), ps) and u,(-) € BZ‘ (mo) are arbitrarily chosen, (2.6) implies
the validity of the proposition. O

From Corollary 1.2 and Proposition 2.1 the validity of the following proposition follows.

Proposition 2.2. Let p, > 1, ¢ € (0,a9) where ag > 0 is defined by (2.1). Then there exists

1 =yi1(e) € (0, p*z_l] such that the inclusion

By, (o) C Bp(uo) +eBi(1)
holds for any p € (px — y1, px).

Proof. By Corollary 1.2 there exists H.(g) > 2140 such that for every H > H,(¢) the inclusions
e &
Bp(po) C By (o) + 3 Bi(D, Byl (1o) € Bp(po) + 3 Bi (1) 2.7)

hold for any p € [p*TH, 2p+].
Let Hi(e) =2H(¢), Hy(¢) = 3H.(¢). Then by virtue of Proposition 2.1 there exists y(¢) =
81(e, Hi(¢), Ha(e)) € (0, p*z_l] such that the inclusion

&€
By (ko) € By (o) + 3 Bi(1) (2.8)

holds for all p € (px — y1(€), ps).
The proof of the proposition follows from (2.7) and (2.8). O

Now, let us give an upper estimation of the set B If’ (o) as p — px — 0. Let

px—P +1
Mo =maX{M0”* i pE [p*T p*]}, (2.9)
L= Q2+ ps)(@ — 10). (2.10)

Proposition 2.3. Let p, > 1, ¢ € (0, ag), H > 29 where ag > 0 is defined by (2.1). Then there
exists 8, = 8>(g, H) € (0, 2 - 1] such that the inclusion

H H 1
BY (10) € By (110) + Lug? B1(1)
holds for any p € (psx — 82, Px)-
Proof. Let

82(e, H) = min{Bs(e, H), fa(e, H))

where
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. H+¢ —1
ﬁg(e,m:mm{p*log@ . }

H) = mi ) H—¢ p,.—1
Ba(e, H) = miny py 0guy —— .

It is obvious that 8, (¢, H) € (0, p*_l]
Let p € (px — 82(¢e, H), px). Now let us choose an arbitrary u(-) € B[fl(uo) and define a
function u,(-) : [, 8] = R™ by setting
p=px  px=p
w () =u@Ju@ | 7 po . 1€l 0l (2.11)

Since u(-) € B{f (o) one can show that u,(-) € Bgi (o).
Now let us set

Ale)={t€l1.0]: 0< |u®)| <&},  Ble)={relt.0]: e < |u@®)| < H}.
Let t € A(e). Then 0 < |Ju(?)]| < €. Since ¢ < g < 1 and p € (px — §2(e, H), px) C

[p*+1 , px) we get from (2.11)
/ ”u(t)—u*(t)” dt <e(0 — l())—i—p,o N gp* (CE=))
A(e)

<0 —10) +£2 11,0 — 10)
<e(14 )0 —10) 2.12)

where (i, is defined by (2.9).
Letz € B(g). Then e < |lu(t)|| < H and

pPx—p Px—p Px—p

1—(@) " <1—( Ho )1’* gl—(ﬂ) " (2.13)
€ lu@|l H

Since p € (px — 82(e, H), p,) then (2.13) implies

px=p

I~ (w)
lu@l

and consequently

&
Su

Px=p

e )”‘ (nu(r)n)

for every t € B(¢). Thus, it follows from (2.12) and (2.14)

(2.14)

|u() =), <20 = 1)[1+ pu +67]
<e2(O — 102+ pa] =1L,

where L, is defined by (2.10).
Since p € (px—32(e, H), py) andu(-) € B 5 (mo) are arbitrarily chosen, we obtain the validity
of the proposition. 0O

The following proposition gives an upper estimation of the set B, (o) as p — px — 0.
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Proposition 2.4. Let p, > 1, ¢ € (0,a9) where ag > 0 is defined by (2.1). Then there exists

2 = p(e) € (0, p*2_1 | such that the inclusion

B (o) C Bp, (ko) +eB1(1)
holds for any p € (px — y2, p«).

Proof. By Corollary 1.2 there exists H,(¢) > 20 such that for all H > H,(¢) the inclusions

By(uo) € BY (uo)+SBi(D. B} (o) € By(o) + 5 B1(1) (2.15)

hold for any p € [p*2+l ,2ps].

Let H(¢) =2H,(¢). Then due to Proposition 2.3 there exists 6(¢) = (e, H(¢)) € (0, p*z_l]
such that the inclusion

*

&
B, (1o) € B (o) + 3 Bi(1) (2.16)

holds for any p € (ps — 82(8), px).
Let y» = y2(¢) = 82(¢). Then (2.15) and (2.16) complete the proof. O

From Propositions 2.2 and 2.4 we get the following proposition.

Proposition 2.5. Let p, > 1, ¢ € (0, ag) where ag > 0 is defined by (2.1). Then there exists
8« = 84(e) € (0, p*gl] such that the inequality

hl(Bp(MO)v Bp*(PLO)) <e¢
holds for all p € (px — 84, Ps)-

3. Right evaluation of B, (io)

In this section we will study right continuity of the set-valued map p — Bj,(uo), p €
(1, 400). The following proposition gives an upper estimation of the set B ][,{ (o) as p — p«+0.

Proposition 3.1. Let p, > 1, ¢ € (0, ag), Hy > Hy > o where ay > 0 is defined by (2.1). Then,
there exists vi = vi(e, Hy, Hy) € (0, py] such that the inclusion

Bl (10) € B (110) +2(6 — 10)e B (1)
holds for any p € (p«, px + v1)-
Proof. Let
vi(e, Hy, Hy) =min{ 8] (¢, Hy, H2), B3 (¢, Hi, Hp), p2(Hy, Ha) — p+}

where

. H
p2(Hy, H) =mln{2p*, P*(l + log s, —> }

no 112

By (e, Hy, H) = min{p* log 1,

1o

H>, +¢
7p* )
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* . H2—8
,32(8,H1,H2)=mm pilog e , De -
no  Hp

It is obvious that v; (e, Hy, H») € (0, p.].
Let p € (p«, p« + vi(e, Hy, Hy)) and choose an arbitrary u(-) € Bﬁz (u0). Define a function
u.(-):[tg, 0] — R™ by setting
P=px  pr—p
w0y =u@®) |u@)| 7 o 7, 1 €10, 6], 3.1)

It is not difficult to show that u(-) € Bp' (1t0).
Let us denote

Ale)={telt.0]: 0< |ur)| <e},  Ble)={telt.0]: e < |u®)| < Ha}.
Lett € A(g). Since € < g and p > p, then we obtain

lu@®l
o 1 - (10 7 32
Lett € B(¢). Then ¢ < ||u(t)|| < H; and consequently
% P—Dx (t) P—Dx P=Dx
Px Px Px
1—<_2) <1_<”” ”) <1—<i> . (3.3)
Mo Mo Mo
Since p € (p«, p« + vi(e, Hi, H>)), from (3.3) we see that the inequality
| (nu(r)n)”pf £
Mo S H,
is satisfied and hence
flu(@)||
o1 - (™ 34

Thus, from (3.2) and (3.4) we obtain the inequality
luC) —us O], < en(Ae) +en(Be)) <266 — 10).
Since p € (px«, p« +vi(e, Hy, Hy)) and u(-) € sz (m) are arbitrarily chosen, the proof is com-
pleted. O

Proposition 3.2. Let p, > 1, ¢ € (0,a9) where ag > 0 is defined by (2.1). Then there exists
vy =v; () € (0, py] such that the inclusion

B, (10) C Bp, (o) +€B1(1)
holds for any p € (pe, px + 7).
The proof of Proposition 3.2 follows from Corollary 1.2 and Proposition 3.1.
Let us define constants

P=Px

pw*=max{p, " : p€lps 2pl}, (3.5)
=24 u")0 —10) (3.6)

which are required in Proposition 3.3 and will be used in the sequel.
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Proposition 3.3. Let p, > 1, ¢ € (0, ) and H > 2o where oy > 0 is defined by (2.1). Then,
there exists vy = va (e, H) € (0, p] such that the inclusion

H H 1
B, (no) C By, (1o) + Lxe2 B (1)
holds for any p € (p«, px + 2).
Proof. Let

va(e, H) =min{B3 (e, H), Bj (e, H)}

where
,33 (8 H) = min{p <71 - 1) p }
’ * 1 l:g 0 H+e R

1 )
SR p}
H—
l—loguﬁo .

It is obvious that vy (e, H) € (0, p.].
Let p € (p«, ps« +va(e, H)) and u, () € BZ (o) be arbitrarily chosen. We set

,84(8 H) = mm{ (

Pe=p  p=px
u(®) =us()|us @) 7 po P, 1€t 6] (3.7
It can be shown that u(-) € B,I,{(/Lo).
We denote
A(e)={telt,0]: 0< |us ()| <&}, Ble)={teln.01: e < |lu.(t)| < H}.
Lett € A(e). Then 0 < [Ju.(2)]| < ¢. Since € <ap < 1, p € [ px, 2p4] then we obtain that
M PP px
/ @) = us@ @] 7 || dt<e®@—t0)+py" &7 (@ —10)
Ae)
<eX(1+ 10 — 10) (3.8)

where p* is defined by (3.5).
Lett € B(¢). Then, ¢ < ||u4(t)|| < H and consequently

pP=pPx pP=Px pP=pPx

()7 e () ()
€ [l (@) H

Since p € (p«, px + va(e, H)) then from (3.9) we get

~ < 0o >PPP* < i
lus (Ol Hy
and hence
/,L P—DPx
0 14
””*(””'1 B <||u*(r>||> ‘ s (10

for every ¢t € B(¢). From (3.8) and (3.10) we conclude that
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() = ua)]); <&3 1+ 1*)6 — 1) + 860 — t0)
<&t (O —t)[2+u*] =7 L"

where L* is defined by (3.6).
Since p € (p«, p« + (e, H)) and u, () € BZ«(“O) are arbitrarily chosen, this completes the
proof of the proposition. O

Proposition 3.4. Let p, > 1, ¢ € (0,a9) where ag > 0 is defined by (2.1). Then there exists
Y5 =V, () € (0, py] such that the inclusion

By, (o) C Bp(no) +¢B1(1)

holds for any p € (p«, px + )/2*)-

The proof of Proposition 3.4 follows from Corollary 1.2 and Proposition 3.3.
Propositions 3.2 and 3.4 imply the validity of the following proposition.

Proposition 3.5. Let p, > 1 and ¢ € (0, ap) where ag > 0 is defined by (2.1). Then there exists
8* = 6%(e) € (0, pi] such that the inequality

hi(Bp(1o), Bp, (o)) < e
holds for all p € (p«, ps + 8%).

Finally, from Propositions 2.5 and 3.5 we obtain the validity of following theorem, which
characterizes continuity of the set-valued map p — B, (o) with respect to p where p € (1+00).

Theorem 3.6. Let p, > 1 and ¢ € (0, ag) where oy > 0 is defined by (2.1). Then there exists
8 =68(¢e) > 0 such that the inequality

hi(Bp (o). Bp, (o)) <&
holds for all p € (px — 6§, px +9).

4. Attainable sets of control systems

Consider the control system the behavior of which is described by the differential equation

()= f(t,x@), u@)), x () € Xo, 4.1)

where x € R" is the phase state vector of the system, u € R™ is the control vector, ¢ € [tg, 0] is
the time and Xo C R" is a compact set.
It is assumed that the right-hand side of the system (4.1) satisfies the following conditions:

(4.A) the function f(-):[#, 0] x R" x R™ — R" is continuous;
(4.B) for any bounded set D C [ty,0] x R" there exist constants L; = L{(D) > 0, Ly =
L>(D) > 0and L3z = L3(D) > 0 such that

£ @ xi,ur) — £, x2,u2) | < (L1 + Lalluall) x1 — xa2ll + Lalluy — uz|

for any (¢,x1) € D, (t,x2) € D,u; € R™ and u; € R™;
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(4.C) There exists a constant ¢ > 0 such that

£ x )| < e(t+lIxl) (1 + [lull)
for every (¢, x,u) € [tp,0] x R" x R™.

The set B, (1) is called the set of admissible control functions and a function u(-) € B (1t0)
is said to be an admissible control function where the set B, (1) is defined by (1.1).

Let u.(-) € B, (o). The absolutely continuous function x4 (-) : [fo, #] — R" which satisfies
the equation X, (1) = f (¢, x«(t), u4(¢)) a.e. in [y, 6] and the initial condition x,(fg) = xg € X is
said to be a solution of the system (4.1) with initial condition x, (fp) = x¢, generated by the admis-
sible control function u,(-). The symbol x(-; 7o, xo, u(-)) denotes a solution of the system (4.1)
with initial condition x () = xo, generated by the admissible control function u(-).

Let us define the sets

X p(t0, Xo, o) = {x(+: 10, x0, u(-)) : [0, 6] = R": x0 € Xo, u(-) € By(po)}

and

X (t; 10, Xo, o) = {x(1) € R": x(-) € X, (10, X0, 110) }

where ¢ € [1g, 0].

The set X ,(¢; fo, Xo, o) is called the attainable set of the system (4.1) at the instant of time .
It is clear that the set X, (; fo, Xo, pto) consists of all x € R" to which the system (4.1) can be
steered at the instant of time ¢ € [fo, 0]. In general the set X ,(¢; t9, Xo, o) C R" is not closed
(see, e.g., [3]) and it is not difficult to verify that it depends on ¢, fy, Xo and o continuously.
Other properties of the attainable set X ,(¢; fo, X0, o) C R" and approximation methods for its
numerical construction have been considered in [7,8,10—-13]. In this section we show that the
attainable set X ,(¢; 19, Xo, o) C R" depends on p continuously.

The following proposition characterizes boundedness of the attainable sets of the system (4.1).

Proposition 4.1. The inequality

”x(t) ” < (P« + 1) exp(ry)
holds for every p € (1, +00), x(-) € X (to0, Xo, o) and t € [t9, 0] where

p« =max{|lx|: x € Xo}, r« =cro(l1+po),  ro=max{6 — 1, 1}, (4.2)
¢ > 0 is defined by condition (4.C).

The proof of the proposition follows from conditions (4.A)—(4.C) and Gronwall inequality.
Denote

D ={(1,x) €10, 0] x R": [lx]| < (0x + ) exp(r) } (4.3)

where p, and r, are defined by (4.2).

According to Proposition 4.1 we get that (z,x(¢)) € D for every p € (1,400), x(:) €
X, (to, Xo, no) and t € [#, 0]. Therefore, here and henceforth we will have in mind the cylinder
(4.3) as the set D in condition (4.B).

Note that the continuity property of the set-valued map p — Bj,(uo), p € (1, +00), im-
plies the uniform continuity (with respect to ) of the set-valued map p — X, (¢; to, Xo, (o),
p e (1, +00).
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Theorem 4.2. Let p, > 1, ¢ € (0, ag) where ag > 0 is defined by (2.1). Then there exists & =
&(e) > 0 such that the inequality

he(X p(t0, Xo, 110), X p, (fo, Xo. o)) <&

holds for any p € (p« — &, px + &) and consequently for all t € [ty, 0]

h(X,(t; 1o, X0, 10), X p, (¢ to, Xo, o)) <€
Here h (S, G) denotes the Hausdorff distance between the sets S C C([ty,0]; R") and G C
C([to, 0]; R™) and is defined as

he(S, G) = max | sup d(x(). ). sup de(0) 9}
x(-)e y()e

where dc(x(-), G) = inf{||lx(-) = y()lle: y() € G}, [z()lle = max{[[z(1)]|: 1 € [20, 01}, C([10,0];

R™) is the space of continuous functions x(-) : [ty, 0] = R".

Proof. Let

ap = Liro + Larojo, bo = L3 exp(agp) 4.4

where ry is defined by (4.2).
By virtue of Proposition 3.6 for % there exists & = £(¢) such that the inequality

11 (By(120), By, (10)) < bio (4.5)

holds for all p € (px —&(e), px +&(€)).
Let us choose an arbitrary p € (p« — &(¢), p« +&(¢)) and x(-) € X, (%0, X0, i10). Then there
exist xo € Xo and u(-) € B, (uo) such that the equality

t
x(t)=x0+/f(r,x(r),u(r))dr 4.6)

holds for every ¢ € [#g, 0].
According to (4.5) there exists u.(-) € B), (11o) such that

&
) =]y < 5 S

Let
t
w0 =x0+ [ (e m)dr 48)

where 1 € [fg, 0]. Then x,(-) € X, (t0, X0, no). It follows from (4.B), (4.6)—(4.8) that
t
e - x| < Lo+ @i+ Ll o - x.o ar 4.9)
to

for all ¢ € [tg, 0]. From (4.4), (4.9) and Gronwall’s inequality we obtain that the inequality
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0
v 5.0 < - Laexo| [ (L1 + Lol (o) o
0 A
= b%“ exp(ag) = ¢ (4.10)

holds for every t € [t, 0]. Since p € (px — &§(¢), px +&(¢)) and x(-) € X, (to, Xo, (o) are arbi-
trarily chosen, we get from (4.10) that

Xp(to, Xo, no) C Xp, (to, Xo, o) + €B. 4.11)

holds for every p € (p« — &(¢), p« + £(g)) where B, is unique ball of the space C([#y, 6]; R").
Analogously, it is possible to prove that

Xp, (10, Xo, o) C Xp(to, X0, o) + B, 4.12)

for every p € (p« — &£(8), ps +£(¢)).
Thus, inclusions (4.11) and (4.12) imply the validity of the theorem. O
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