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We consider 7-dimensional pseudo-Riemannian spin® manifolds with structure group G ,). On such manifolds, the space of 2-

forms splits orthogonally into components A*M = A2 & A%,. We define self-duality of a 2-form by considering the part A’ as the
bundle of self-dual 2-forms. We express the spinor bundle and the Dirac operator and write down Seiberg-Witten like equations

on such manifolds. Finally we get explicit forms of these equations on R** and give some solutions.

1. Introduction

The Seiberg-Witten theory, introduced by Witten in [1],
became one of the most important tools to understand the
topology of smooth 4-manifolds. The Seiberg-Witten theory
is based on the solution space of two equations which are
called the Seiberg-Witten equations. The first one of the
Seiberg-Witten equations is Dirac equation and the second
one is known as curvature equation [2]. The first equation is
the harmonicity condition of spinor fields; that is, the spinor
field belongs to the kernel of the Dirac operator. The second
equation couples the self-dual part of the curvature 2-form
with a spinor field. There exist various generalizations of
Seiberg-Witten equations to higher dimensional Riemannian
manifolds [3-6]. All of these generalizations are done for
the manifolds which have special structure groups. Also
Seiberg-Witten like equations are studied over 4-dimensional
Lorentzian spin® manifolds [7] and 4-dimensional pseudo-
Riemannian manifolds with neutral signature [8].

Parallel spinors on pseudo-Riemannian spin® manifolds
are studied by Ikemakhen [9]. In the present work, we con-
sider 7-dimensional manifolds with structure group G, ,). In
order to define spinors and Dirac operator, the manifold M
must have a spin‘-structure. We assume that 7-dimensional
pseudo-Riemannian manifold M with signature (-, -, —, -,
+,+,+) has spin°-structure. On the other hand, to write down

curvature equation, we need a self-duality notion of a 2-form
on such manifolds. In 4 dimensions, self-duality concept of 2-
forms is well known. The bundle of 2-forms A%(M) decom-
poses into two parts on this manifold [10]. Then we will define
self-duality of a 2-form on a 7-manifold with structure group
G, by using decomposition of 2-forms on this manifold.

2. Manifolds with Structure Group G;(z)

The exceptional Lie group G,, automorphism group of octo-
nions, is well known. There is another similar Lie group G;(z)

which is automorphism group of split octonions [11]. On R,
we consider the metric

93 (%, ¥) = =X, 91 = X3 )5 = X33 = X4 Y4 + X5 Vs

+X6Ys + X775

where x = (x,Xy,...,%,) and ¥ = (y, V..., y;) € R’
From now on, we denote the pair (R’, 943) by R*?. The isom-
etry group of this space is

0(4,3)={AeGL(7,R) : g, (A(x),A(y))
)
=gy (%), Vx, y € R7}.



The special orthogonal subgroup of O(4, 3) is
SO(4,3)={AecO(4,3): det A=1}. (3)

The group G, is the subgroup of SO(4, 3), preserving the
following 3-form:

@y = —e'¥ — 15 4 B | 26 L 5 T ST (g
where {e',...,¢’} is the dual base of the standard basis
{e},...,e,} of R** with the notation /% = ¢’ Ae/ Ae* and with
the metric g, 5 = (-1,-1,-1,-1, 1,1, 1); that is,

G;(z) ={AeGL(7,R): A"py = @}, (5)

where ¢, is called the fundamental 3-form on R**[10,11]. The

space of 2-forms A*R’ decomposes into two parts AR’ =
AR7 @ A%, R7, where

NR = {ae 'R : (g Aa) =20}, ©
6
AR = {oc eN’R’ : % (@ Aax) = —(x}.

A semi-Riemannian 7-manifold M with the metric of
signature (-, —,—, =, +,+,+) is called a G},, manifold if its
structure group reduces to the Lie group Gj,); equivalently,
there exists a nowhere vanishing 3-form on M whose local
expression is of the form ¢,. Such a form is called a G}, struc-
ture on M [12]. If the structure group of M is the group G,

then the bundle of 2-forms A*(M) decomposes into two parts
similar to AR’ and we denote it by A(M) = A27(M) @
A%, (M) [10].

It is known that square of the Hodge * operator on 2-
forms over 4-dimensional Riemannian manifolds is identity
and +1 are eigenvalues of the Hodge * operator. The elements
of eigenspace of 1 are called self-dual 2-forms and the others
are called anti-self-dual forms. But this situation does not
generalize to higher dimensional manifolds directly. Self-
duality of 2-form has been studied on some higher dimen-
sions [3, 13]. In this work, we need self-duality concept of 2-
forms on 7-dimensional manifolds with structure group
G-

Now we define a duality operator over bundle of 2-form
A*(M) as

T, : A* (M) — A* (M),
7)
T,(«):=*(pAa).

The eigenvalues of this map are 2 and —1. Note that the
subbundle A27(M) corresponds to the eigenvalue 2 and the
subbundle A, (M) corresponds to the eigenvalue —1. Let a be
a2-form over M. If a belongs to A27(M), then we call « a self-

dual 2-form. If « belongs to A2l 4(M), then we call o an anti-
self-dual 2-form. Because of decomposition of 2-forms on M,
any 2-form « on M can be written uniquely as

a=a"+a, (8)

where a* € A27(M) and o~ € A214(M). Similar to the 4-
dimensional case, we say that ot is self-dual partof a and a”
is anti-self-dual part of «.

Advances in Mathematical Physics

3. Spinor Bundles over G, ,, Manifolds
It is known that the group SO(4,3) has two connected
components. The connected component to the identity of
SO(4, 3) is denoted by SO, (4, 3). In this work we deal with
the group SO, (4,3). The covering space of SO(4,3) is the
group Spin(4, 3) which lies in Clifford algebra Cl, 5 = CI(R’,
—-9g43) C Cl,; and we denoted the connected component
of 1 € Spin(4,3) by Spin, (4,3). There is a covering map
A :Spin, (4,3) — SO, (4,3) whichisa2:1 group homomor-
phism given by M(g)(x) = g-x-g ' forx € R*, g €
Spin, (4,3) [10, 11, 14].

One can define another group which lies in the complex
Clifford algebra CI(R**) = CI, by

(Spin, (4,3) x S")

, )
Z,

Spin; (4,3) :=

where the elements of Spin{ (4, 3) are the equivalence classes
[g, z] of pair (g, z) € Spin, (4, 3) x S, under the equivalence
relation (g, z) ~ (—g, —z) [9]. There exist two exact sequences
as

1 — Z, — Spin, (4,3) - SO, (4,3) — 1,
(10)

1 — Z, — Spin (4,3) — SO, (4,3) x S' — 1,

where &([g, 2]) = (Mg),2%).
Let {e,, ..., e,} be an orthonormal basis of R**; then the

Lie algebras of Spin(4, 3) and Spin‘(4, 3) are

spin (4,3) = {ee; : 1<, j<7},
(11)
spin® (4, 3) = spin (4, 3) @ iR,

respectively. The derivative of £ : Spin$ (4,3) — SO, (4,3) x
S' is obtained as

g, (eiej,ir) = (A* (eiej),ir) = (2Eij,2ir), (12)

where E;; is the 8 x8-matrix whose (i, j)-entryis 1, (j, i)-entry
is —1, and the other entries are zero [9]. Since the Clifford
algebra CI, is isomorphic to the algebra C(8) @ C(8), we can
project this isomorphism onto the first component. Hence,
we get spinor representation:

x: Cl, — C(8) = End (C’). (13)
By restricting « to the group Spinf (4, 3) we get
Klspinc (4.3) * SPIn§ (4,3) — Aut (C°) (14)

and Klgyie (4.3 is called spinor representation of the group

Spin’ (4, 3); shortly we denote it by k. The elements of C® are
called spinors and the complex vector space C® is called the
spinor space and it is denoted by A , ;. By using spinor repre-
sentation, the Clifford multiplication of vectors with spinors
is defined by

X-y:=x(X)(v), (15)
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where X € R* and y € A 4,3- The spinor space has a nonde-
generate indefinite Hermitian inner product as

4(4-1)/2 (x (

(W), =1 erzese,) Y1 ya) > (16)

where (z,w) = Z?:l z;w; is the standard Hermitian inner
product on Cforz = (z15...528), W = (Wy,...,Wg) € c?.
The new inner product (, ), . is invariant with respect to
the group spin (4, 3) and satisfies the following property:

(k(2) ‘/’1)1/’2>A4’3 =—(y1.x(2) 1//2>A4’3 J 17)

where Z € R* and y,,y, € A 43- In this work, we use the
following spinor representation x:

k(e)) =e®e®9,

k(e,) =-085®T,
k(e;)=-00I1®90,

k(e =0®7T®T, (18)
k(es)=-I®e®T,

Kk (eg) = -T®e®F,

k(e,)=I®I®e,

where

[
— O
N~~~

19)
10
0-1/)’
0 -1
£= .
10
Now, we recall the main definitions concerning spin‘-
structure and the spinor bundle. Let M be a 7-dimensional
pseudo-Riemannian manifold with structure group Gj,.
Then, there is an open covering {U,},c4 of M and transition

functions g, : U, NUg — Gy € SO,(4,3) for TM.
If there exists another collection of transition functions

Gup - U NUg — Spin’, (4,3) (20)
such that the following diagram commutes
Spin{ (4, 3)

EOC
/ fl (21)

U(x n Uﬁ W SO+(4,3)

(e, § ° Gop = gup and the cocycle condition g,s75, = 7y,
on U, NUg NU, is satisfied), then M is called a spin® man-
ifold. Then one can construct a principal Spin{ (4, 3)-bundle
PSPini (4,3) on M and a bundle map A : Pspmc+ 3 — Pso, @3-

Let (Pginc (43, A) be a spin‘-structure on M. We can
construct an associated complex vector bundle:

S= PSpinfr(4,3) XKA 4,3> (22)

where x : Spin{(4,3) — Aut(A,;) is the spinor represen-
tation of Spin (4, 3). This complex vector bundle is called
spinor bundle for a given spin®-structure on M and sections
of S are called spinor fields. The Clifford multiplication given
by (15) can be extended to a bundle map:

W:TM®S — §. (23)

Parallel spinors on the spinor bundle S are studied in [9].
Since M is a pseudo-Riemannian spin“ manifold, then by
using the map

¢: Spin‘ (4,3) — S,

(24)
¢([g.2]) = 2",
we can get an associated principal S'-bundle:
Py = P3p1n§(4,3)><e51- (25)
Also, the map ¢ induces a bundle map:
L : Pgyine 43y — Py (26)

Now, fix a connection 1-form A : TPg — iR over the
principal U(1)-bundle Pq. Let V be the Levi-Civita covariant
derivative associated with the metric g, ; which determines
an so(4,3)-valued connection I-form w on the principal
bundle Py (43). The connection l-form w can be written
locally

=) wEy, 27)

i<j

where {e;,e,,...,e;} is a local orthonormal frame on open
setU ¢ M and w;; = g43(Ve;, €;). By using the connection
1-form A and w, one can obtain a connection 1-form on the
principal bundle Py (43)%Pg: (the fibre product bundle):

wx A: T (Pyg, 43%XPs) — SO, (4,3) xiR.  (28)

The connection @ X A can be lift to a connection 1-form Z*
on the principal bundle Pgoc (4 3) via the 2-fold covering map:

= (A L)t Poyine a3y — Poo, 43X Pst (29)
and the following commutative diagram.
TPy (4.9) —2— Lie(Spin¢ (4,3)) = spin(4,3) @ iR

in l Je* (30)

~ A
T(Pyo, 43 X Py ) ———————50(4,3) ® iR



One can obtain a covariant derivative operator V* on the
spinor bundle S by using the connection 1-form Z*. The local
form of the covariant derivative V* is
N 1 1
VY = d¥ + EZsisjwijx (eiej) Y+ EA\II’ (31)

i<j

where {e,,...,e;} is a orthonormal frame on open set U ¢
M. We note that some authors use the term AV instead of
(1/2) AY in the local formula of VAW. The covariant derivative
V4 is compatible with the metric ( , ) Aus

X(yi¥),,, = <V§‘//1)‘//2>A4,3 +(v V§W2>A4,3 (32)
and the Clifford multiplication
Vi (Y-y) =Y - Vey + (VxY) - v, (33)

where v, v, y, are spinor fields and sections of S, X, and Y
are vector fields on M. We can define the Dirac operator D ,
as the following composition:

943

Dy=poV4:T(S) ST (TM ®S) % (TMeS)
(34)
1),
which can be written locally as
7
Dy (y) = Y e (e) V: ¥), 35)
i=1

where {e,,e,, ..., e;} is any oriented local orthonormal frame

of TM.

4. Seiberg-Witten Like Equations on
G,(,) Manifolds

Let M be a spin® manifold with structure group Gj,,. Fix

a spin‘-structure and a connection A in the principal U(1)-

bundle P associated with the spin®-structure. Note that the

curvature F, of the connection A is iR-valued 2-form. The

curvature 2-form F, on the Py determines an iR-valued 2-

form on M uniquely (see [15]) and we denote it again by F,.
We can define a map

(V)XY = (XY yoy),, + g XDy, (36)

where X,Y € T(TM). Note that the map o(y) satisfies the
following properties:

o (y)(X,Y) = -0 (y) (¥, X),

. (37)
o(¥)(X,Y) = -0 (y) (X.Y).
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Hence, the map o associates an iR-valued 2-form with
each spinor field y € I'(S), so we can write

o:T(S) — O (M,iR). (38)

In local frame {e;,e,,...
expressed as

,e;} on U ¢ M, the map o can be

1
o (1/,) = _ZZ <K (el-ej) v, 1//>A4,3 e Nej. (39)

i<j

Now we are ready to express the Seiberg-Witten equa-
tions. Let M be a spin® manifold with structure group G,
Fix a Spin{ (4, 3) structure and take a connection I-form A on
the principal bundle Py and a spinor field y € I'(S). We write
the Seiberg-Witten like equations as

D,y =0,
. (40)

.1
FAz_ZU(‘//)

where F}, is the self-dual part of the curvature F, and o(y)"
is the self-dual part of the 2-form o(y) corresponding to the
spinor ¥ € I'(S).

5. Seiberg-Witten Like Equations on R*’

Let us consider these equations on the flat space M = R*?
with the G}, structure given by ¢,. We use the standard

orthonormal frame {e;,e,,...,e;} on M = R*’ and the

spinor representation in (18). The spin® connection V* on
R*? is given by

A
Vj‘I’z $+AJ»‘I’, (41)

where A : R* — iRand ¥ : R*» — A 43 are smooth
maps. Then, the associated connection on the line bundle
L = R*? x C is the connection 1-form

7
A=Y Adx € Q' (RY,iR) (42)
i=1

and its curvature 2-form is given by

Fy=dA =Y Fydx; ndx; € Q° (RY,iR),  (43)

i<j

where Fj; = 0A ;/0x; —0A;/0x; fori, j = 1,...,7. Now we can
write the Dirac operator D, on R*? with respect to a given
spin‘-structure and spin‘-connection V4.
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We denote the dual basis of {e,, e,,...,e;} by et e’ ...,
e’}. Now one can give a frame for the space of self-dual 2-
forms on R*” as

fi=e' A+’ net - A€,
fo=e'ne - net—e® Ae,
fi=e' netvelne’ - A,
fi=e'ne - ne®-e*ne, (44)
fs=e' A+ ne’ - ne,
c=elned +enef+et ne,
fr=ene +e ne’—e* ned.

Let F, be the curvature form of the iR-valued connection
1-form A and let F, be its self-dual part. Then,

7 _fl 1

Z FA>fz> | _5{(F12+F34_F56)f1

i1
+(F3 = Fyy = Fgy) f, + (Fiy + Fys = Fs;) f3 (45)
+ (Fy5 = Fys = Fyy) fy + (Fig + Fys = F3;) fs
+ (Fy; + Fys + Fys) fo + (Fyy + F35 = Fyg) f}.

Now we calculate the 2-form o(y)", for a spinor y € S. Then
o(y) can be written in the following way:

o(y) = Z <ele11// 1//> e nel. (46)

i<j

The projection onto the subspace A%(R*?,iR) is given by

o (v)’ z< W) £) b{f' )

If o(y)" is calculated explicitly, then we obtain the following
identity:

V3V, — VeVs
+ {3y, + v,

30 ()" = {=3a¥, + 391V, + Y -
Vs, + vt fi
=315 — YV + V¥ — VW — VsV + YeVlsh

o {3+ s, - s + 3, + vy

+ YW — YeV; — WsWs) 3 + { 3wy, + ¥s¥,

+ VsV + YoV, — Vo + 3 Vs — vy — ek (48)
S {35 = Y, — WV + WY, + 300

+ VoW + VsV — YaWs) f5 + {3y - vsY,

+ Y53 — YeVy — Va¥s + Vs + 391V + Yo}

R e AR R e T
VW, + 391V} £

+YsYe —

Vs¥y + Va¥s
+ Y3 -

5
Hence, the curvature equation can be written explicitly as
Fyy + Fyy = Feg = i By, - 3viv, - vy + vy,
+YsV's — VsV + Vs — Vr¥shs
Fys ~ By~ Fg = ;11 {3991 - vy, + 3wy,
YW, — YW+ YV + Vs, — WVt
Fyy + Fyy — Fsy = }1 Bya¥, - vy, + vavs - 3y,
~ VsVs — VoW + YW, + Ysgh
Fi5 - F—Fy = }1 {=3v6W, + w5y, + vy + Y5y, (49)
— Va5 + 391V — Ya¥; — Y3l
Fig+ Fys — F3; = ;1 {=3vsW, — W, — vy W5 + Y5y,
+3Y s + VoV + WU, — V)
Fi; + Fag + Fys = ;11 {2371 — v, + Y55 — vsv,
— Y3 + Vg + 300V, + U}
Fy; + F35 — Fye = }1 {=3vs¥, + ¥ 0, — VW3 — sy,
+Y4Vs + YW — Yo, + 39V}

Dirac equation D,V¥ = 0 can be expressed as follows:

=AY+ Ay + Az — Ayys + Asys

+ Agyy — Az,

=AY, - Aypg + Asus + Ay — Asy,
+Agys + Ay,
Ovs _Oys _Ovs _Oy; Oy Oy, Oy,

0x; 0x, Ox; Oxq4 O0x5 0xg4 O0x
=AW+ A s + Asyg + Ay, — Ay — Ay,
- Ay,

Lo v _dvy dw v, v By,

Ox; 0x, - a_x3 a_x4 - 0x; 0xg O0x;
=AW — Ay + Asy; — Ay + Asy, — Agyy

- Az,



dy, 0y, %+6W1

or s s

Ox; Ox, O0x5 Oxz O0x;

=AY+ Aus + Asy, — Ay + Asy, — Agyg
- AW,

vy, v v By, Bv By, 0w

0x; 0x, Ox; Oxg; O0x5 O0xg4 Ox;
=AY — ALy, + Asyy + Ay, — Asyg — Agys
+ A ys,
oy, Oy, OJy, a%+%_%+%

Ox; 0x, Ox; Oxq4 O0x5 0xg4 O0x;
=-Ay, + A + Ay, + Ay — Ay
+ AgWs — A,
i, vy v, Oy dve dys Ay

0x; 0x, Ox; Ox4 O0x5 0xg4 0x,
=-Ay - Ay, + Asys — Auyy + Asyg

+ Agys + Ay
(50)

These equations admit nontrivial solutions. For example,
direct calculation shows that the spinor field

¥ = (0,0, 3 iy, 3,1y, 0,0) (51)

. 2
with y5(x;, X5 ..., %,) = e @P¥* and the connection 1-

form
A(xy,xp, 0005 x7) = (ix;x,) dx + <%x?>dx2 (52)

satisty the above equations.
Now we consider the space

G =odAxI(S)), (53)

where ¢ is the space of connection 1-forms on the principle
bundle Py and I'(S) is the space of spinor fields. The space
€ is called the configuration space. There is an action of the
gauge group ¢ := Map(X, S') on the configuration space by

u-(Avy):= (A +u 'du, qu) , (54)

where u € & and (A, y) € €. The action of the gauge group
enjoys the following equalities:

FA+u’1du = FA’

(55)
D, (u_lw) =u'D,y.

Hence, if the pair (A, y) is a solution to the Seiberg-Witten
equations, then the pair (A + u~'du, u” ') is also a solution
to the Seiberg-Witten equations.
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One can obtain infinitely many solutions for the Seiberg-
Witten equations on R*?: Consider the spinor

v = (0,0, y3, iy, v3, i3, 0,0),,
(56)

~(i/2)x}x,

¥s (X% X7) =€

and the connection 1-form
A(xy, %9, 0005 x7) = (ix;x,) dxy + <%x§>dx2. (57)

Since the pair (A,v) is a solution on R*?, the pair (A +
idf, e y) is also a solution, where u = ¢/ and f is a smooth
real valued function on R*?.

The moduli space of Seiberg-Witten equations on the
manifold with structure group G, ,) is

{(A, Y)€G:Dy=0, Fj = - (1/4)0(1//)+} (58)
= .

Whether the moduli space I has similar properties of
moduli space of Seiberg-Witten equations on a 4-dimensional
manifold is a subject of another work.
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