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Abstract: It is known that there exists a function interpolating a given data set such that the graph of the function is
the attractor of an iterated function system, which is called a fractal interpolation function. We generalize the notion

of the fractal interpolation function to the graph-directed case and prove that for a finite number of data sets there

exist interpolation functions each of which interpolates a corresponding data set in R? such that the graphs of the

interpolation functions are attractors of a graph-directed iterated function system.
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1. Introduction
Barnsley introduced fractal interpolation functions (FIF) using the iterated function system (IFS) theory, which
is an important part of fractals (see [1, 2, 13] for further information). He showed that there exists a function
interpolating a given data set such that the graph of this function is the attractor of an IFS. In recent decades
it has been widely used in various fields such as approximation theory, image compression, modeling of signals,
and many other scientific areas ([4, 8, 11, 12, 14]).
Let us first summarize the notions of IFS and FIF. An IFS is a finite collection of contraction mappings
w;: X =X (i=1,..,n) on a complete metric space X . It is known that there exists a unique nonempty

compact set A satisfying

which is called the attractor of the IFS (see [7]).

A data set is a set of points
D= {(x07F0)a(zlaFI)a'~'a(IN7FN)} C RQ

such that zg < 1 < -+ < xxy with N > 2. An interpolation function corresponding to the data set © is
a continuous function f : [zg,zny] — R whose graph passes through the points of ®, i.e. f(z;) = F; for all
1=0,1,...,N.

Barnsley constructed an iterated function system whose attractor is an interpolation function correspond-

ing to the data set © as follows:
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Let w; : R?2 — R? be affine functions of the form

a; 0 X €
wi(z,y) = + 1
o= a)(5)+(7) W
where a;, c;,d;, e;, f; are real numbers for i = 1,2, ..., N. Using the constraints

wi(zo, Fo) = (xi—1, Fi—1) and wi(zn, Fn) = (25, Fy),

one can obtain the coefficients a;, ¢;, d;, e;, fi easily in terms of data points {(x;, F;)}Y, and the parameters d;

(so-called vertical scaling factor) for ¢ =1,2,..., N as

Tj — Ti—1
a; = —1=

IN — Zo

TNTi—1 — TOT;
e, = —

N — X

F;—F;, Fny — Fp
c; = — d1

TN — o TN — X0
£o= INF; 1 —xoF; d zNnFy —xoFN
i = — Uqg

TN — T TN — To

(see [1, 2] for details).

In [2, Teorem 2.1, p.217], it is shown that {R?;w,...,wn} is an iterated function system (associated with
the data set ©) in the case of |d;] <1 for i =1,...,N.

The attractor of the IFS {R?;w,...,wnx} constructed above is the graph of an interpolation function
called the (affine) fractal interpolation function (FIF) corresponding to the data set ©. Note that there exist

infinitely many fractal interpolation functions depending on the parameters d; with |d;| <1 for i =1,...,N.

Example 1 Consider the IFS (constructed as above) associated with the data set

{(07 0)7 (37 5)7 (67 4)7 (107 1)}

where we choose dy = 0.25,dy = 0.5,d3 = 0.25. The IFS consists of the contractions

wi(z,y) = (0.32,0.4752 + 0.25y)
wo(z,y) = (0.3z43,-0.152 + 0.5y + 5)
ws(z,y) = (0.4x 4+ 6,—0.325x + 0.25y + 4)

and its attractor is a FIF whose graph is depicted in Figure 1.

There is a generalization of the classical FIF, the so-called recurrent fractal interpolation function (RFIF).
Let ® = {(z0, F0), (z1,F1),...,(zn,Fn)} C R? be a data set. Choose an interval [z,, 4] for each interval
[zi—1,x;] such that z; — z;_1 < x4 — x,. The contraction w; is of the form (1), but unlike the classical FIF
case, it satisfies w;(zp, Fp) = (zi-1, Fi—1) and w;(zq, Fy) = (x4, F;) for each ¢ =1,2,..., N. Then there exists

a compact set G such that
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0 1 2 3 4 5 6 7 8 9 10

Figure 1. The attractor of the IFS {R?;wi,wa, w3} given in Example 1.

where G is the part of G in the strip [z,,z4] XR. G is also the graph of a continuous function that interpolates
the data set © (see [3, 9] for more details). That is, the graph of a RFIF is the union of the smaller copies of
sections of itself whereas the graph of a FIF is the union of smaller copies of itself.

A RFIF interpolates essentially only one data set. In this work, we want to extend the notion of the
fractal interpolation function for several data sets and for this purpose we use the so-called graph-directed
iterated function system (GIFS). Although the graphs of interpolation functions to be obtained using the GIFS
can also be realized as some sections of the graph of a RFIF, the graph of this RFIF may contain some irrelevant
parts. To obtain the graphs of the interpolation functions separately would be more meaningful.

In modeling with fractal interpolation, graph-directed fractals can have some advantages since they give
us a chance to code several data sets in an interpolation function. An interpolant obtained as a graph-directed
fractal interpolation function contains some information from each of the data sets under suitable conditions.

We briefly summarize the graph-directed iterated function systems.

Let G = (V, E) be a directed graph where V is the set of vertices and F is the set of edges. For o, 8 € V|
the set of edges from a to 3 is denoted by E®? and its elements by ef‘ﬂ, i=1,2,..., K* where K8 denotes

the number of elements of E“?. We assume that E := U EP £ 0.
pev

Let {X*|a € V} be a finite collection of complete metric spaces and 90?’8 : X# — X“ be a contraction
ap

%

(but in the opposite direction of e?ﬁ) for i = 1,2,...,K* and

a, f € V. It can be shown that there exists a unique family of nonempty compact sets A% C X% such that

mapping corresponding to the edge e

KB

A= U e 4”)

BeV i=1

(see [6]). The system {X o go?ﬁ } is called a graph-directed iterated function system (GIFS) realizing the graph

G and A%s (a € V) are called the attractors of the system (see [6, 10] for more details).
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Example 2 Let G = (V,E) be a directed graph with V = {1,2} as shown in Figure 2a. Let X' be the unit
square and X2 be the right triangle as indicated in Figure 2b. Consider the contractions wiaﬁ c XP o X
(a,B €V, i=1,..,K) corresponding to each edge of the graph (in the opposite direction). A pictorial
description of the maps are shown in Figure 2¢ and the explicit expressions of them can be found in [5]. The

attractors of this graph-directed system realizing the graph G look as given in Figure 2d.

(c) (d)

Figure 2. (a) A directed graph G = (V, E) where V = {1,2}. (b) The spaces X* and X?. (c) Pictorial description of
the contractions wf"ﬁ, which is determined by a copy of X? in X® for all o, €V, i =1,...,K**. (d) Sixth stage of
the iteration of the GIFS.

2. Construction of graph-directed fractal interpolation functions

In this section, we will construct a graph-directed iterated function system for a finite number of data sets such
that each attractor of the system is the graph of an interpolation function (which interpolates a corresponding
data set), which we call a graph-directed fractal interpolation function.

Let
Da:{(mg’F(‘]l)a(x?aF{l)v'"7(1'?\[&7F1%Q)} (2)

be data sets in R? with N, > 2 for all @ = 1,2,...,n. We assume that these data sets satisfy

B_ B
z —x
L <1 3)
TNe ~ %0

forall a# p,a,f=1,...,nand j=1,...,Ng.
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Remark 1 Condition (3) on the data sets will provide that the maps to be constructed further in this section are
contractions. Note that if the original data sets do not satisfy condition (3), one can make the data sets satisfy
the condition by adding new points artificially. Instead of changing the original data sets by adding artificial
points, we prefer the data sets to satisfy condition (3).

Now we can state the following theorem as the main result of this paper.

Theorem 1 Let D% = {(zf, F¢"), (27, FT"), ..., (z%_, FN,)} be data sets in R? for a = 1,...,n satisfying (3).
Then there exists a GIFS, with attractors A® (o =1,2,...,n), such that A* is the graph of a function that

interpolates the data set ©% for each «.

We call an interpolation function whose graph is the attractor of a graph-directed iterated function system
a graph-directed fractal interpolation function.

In the rest of this section we deal with the construction of a GIFS satisfying Theorem 1. For simplicity
we consider the case n = 2 (the general case is similar, but gets notationally messy). In Section 3, we prove

that Theorem 1 holds for a GIFS to be constructed in this section.
Let

@1 = {(I'O»FO)a(mlaFl)a“-v(wNvFN)}
92 = {(yOaGO)a(ylaGl)a“"(ylVf’GM)}

be two data sets in R? with N, M > 2. In the case of n = 2 condition (3) reduces

Ti — Ti—1 <1 and Ys —Yj—1

ol <1 (4)
Ym — Yo TN — Zo

forall i=1,2,...,N and j=1,2,..., M.
Clearly, one can form a directed graph G = (V, E) with V = {1,2} such that

K"+ K2 =Nand K*' + K2 =M (5)

(recall that K% is the number of elements of E*? for a, 8 € V). Such a graph is shown in Figure 3.

Figure 3. A directed graph (V, E) where V = {1,2}.
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Remark 2 For the general case, condition (5) on the number of edges between the vertices of the graph will be
K 4 K°2 4 ...+ K" = N,

fora=1,2,....n

Remark 3 Note that we allow the case K*® = 0. This may lead to a situation in which a data set cannot
be coded in an interpolant. If one construct a strongly connected graph (i.e. there is a directed path from the
initial vertex « to the terminal vertex 8 for each pair a, f € V' of the graph) satisfying condition (5), then each
interpolant will nestle some information from each of the data sets and thus the graph-directed self-similarity of

the interpolants will become more genuine.

To obtain a GIFS associated with the data sets D%, (o = 1,2) and realizing the graph G consider the
affine functions wf"‘g ‘R2 5 R2,i=1,2,...,K* of the form

o= ) (5) ()

2P 42 2P 1P are all real numbers for o, 8 € {1,2}.

where a

We constrain these functions as follows:

w; (z0, Fo) = (zi-1, Fi—1)

fori=1,2,...,K';
wzll(zNaFN) (x’ba )

) — 11 11 12 .
wzlzKll(yﬂfaG]VI):(xi,Fi) for i =K +173K + K _N’

wi (2o, Fo) = (Yi—1,Gi1)

wz'Ql(xN’FN) (yu z)

. { w;2 k11 (Yo, Go) = (wi-1, Fim1)
{ for i =1,2,..., K2,

{ wrn 0, G0) = Wi, Gict) gy pen | gem oy g oy

wizEKm (yM7 GM) = (yh Gz)

Note that each constraint should be applied in the case of K*# > 1.

Remark 4 Complying with the mapping relationship determined by the graph G, one can rearrange the maps
i an arbitrary order. Since our aim is to show the existence of a graph-directed interpolation function, we

arrange the mappings according to the order of data sets.

From each group of the above conditions we get the following equation systems, respectively:

Ti—1 = a xo +e

i = 1 11 11
? - 1 N +€

F, = clan+ d;‘lFN e
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Ti—1 = z Knyo + el K11
F,, = dz2 G
For alli:K11+17,.,,N i—1 112K11y0+ i— Kll 0+fz K11 (7)
Ti = 0 gnym+ 62 Kl
Fi = 11 K1YM +dz KllGM +f11 K11
yic1 = ai'zmo+ et
R S L g2
For all i = 1a 2) sy K21 G:;l_l = Zalxx(j\[_:»déQl 0 * fl (8>
i i
G = eyt diEy o+ f
Yi-1 = a?EKmyO + €Z2EK21
, Gin = ¢? d?2 12.Go + 22
For allz:K21+1,,,,,M le B szK21y0++17K21 0+fZ,K21 )
Yi = K21YM ez K21
Gi = ¢Z KzlyM + dl K21 Gy + fZ K21

Choosing dqﬁ as a parameter, one can easily solve the linear equation systems (6)—(9) to obtain

O‘ﬁ,c €5 ,faﬂ for a, € {1,2},i=1,2,..., K in terms of the data points and d?ﬁ as follows:

K2

all — Ti— Ti—1 al2 — Ti — Tj—1
7 1
TN — Xo Ym — Yo
1 _ TNT;—1 — Loy 12 YMZTi—1 — Yo
G “ = Ynmr — Yo
011 F ]%11 dllFN_FO Clngi_FZ 1 12GM GO
1 (] K3 Z
TN — Zo TN — T Ym — Yo YM — Y
1 TNFi1—xF; qn rnFo — xoFN 12— ymFi—1 —yoki dlgyMGO YoGm
11— _ 12 _ JM7i—1 7 JO07 JM0 " SO M
TN — Tg TN — Tg ! YM — Yo Yy — Yo
i — Yi— Yi —Yi—1
a2t = Y YimL ap? = =———
TN — T Ym — Yo
o2l — TNYi—1 — ToYi 022 — YMYi—1 — YoVYi
T i
TN — Zo Ym_— Yo
CzlzGi*G'f *leFN?FO CzQZGifGifl B QQGMfGO
(3 K3 1 Z
TN _— Zo IN — Zo Ym_— Yo Ym —
o1 TNGi_1 — 20G; 2 TN Fo — woFn 22 ymGi—1 — Yo G a2 yMGo YoG
i = —ay i
TN — Zo TN — Zo ! YMm — Yo YM — Yo

To show that the obtained system {RQ;w;w } is a GIFS, we need to ensure that w?ﬂ is a contraction

for each i, o and 3. Although w' s need not be contractions with respect to the Euclidean metric on R2,
the following lemma guarantees that they are contractions with respect to a metric that is equivalent to the

Euclidean one.

Lemma 1 Let wf‘ﬁ be the affine functions constructed above associated with the data sets D% (a = 1,2),
which satisfy (4). Let |df‘ﬁ| <1 forall o, € {1,2} and i =1,2,...,K°?. Then the system {RQ,w?ﬁ} is a

graph-directed iterated function system associated with the data sets D%, (« = 1,2) and realizing the graph G.
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Proof Condition (4) and [2, Theorem 2.1] make each w;" # a contraction with respect to a metric that is

equivalent to the Euclidean metric. See [2, Theorem 2.1] for details. O

Depending on the parameters d®” | we have infinitely many GIFS {RQ; w®? } realizing the graph G.

Example 3 Consider the GIFS associated with data sets

D' = {(0,5),(1,4),(2,1),(3,1),(4,4), (5,5}
D* = {(0,1)7(1,2),(273),(3,2)7(4,1)}

1
realizing the graph with K'' =3, K2 =2, K?' =1, K?? =3 as shown in Figure . We choose df‘ﬂ =3 for

all a,B€{1,2} and i =1,...,K*?. The attractors A' and A2 of the system are given in Figure 5. A' (resp.
A?) is the graph of a function that interpolates D' (resp. D?). We also present the attractors of another
GIFS, which is obtained by changing only the vertical scaling factors as dil = di' = di' = 0.25,d}? = d}? =
5.d3 = §,d3? = d3* = d3* = § (sece Figure 0).

652
11 11 22

61 2 61
Figure 4. The directed graph used in Example 3.

3. Proof of the main theorem

In this section, we prove that the GIFS constructed in Section 2 satisfies Theorem 1.
Specifying the coefficients df‘ﬁ such that |d?5| <1forall a,f €V ={1,2} and i =1,2,..., K let
{R?; wf‘ﬁ } be a graph-directed iterated function system associated with the data sets ®* («a = 1,2), constructed
in Section 2. We prove that its attractor system {Al A%} is a pair of compact subsets of R? such that A!
(resp. A?) is the graph of a function that interpolates the data set D! (resp. D?).
Let
F=A{f|f:[zo,zn] = R continuous, f(xq) = Fo, f(zn) = Fn}
G ={9l9: [yo,ym] — R continuous, g(yo) = Go,9(ym) = Gm}

be metric spaces with the metrics

dr(f1, f2) = max{|fi(z) — fa(x)| |2 € [0, 2N] }

and
dg(g1, g2) = max{ |g1(z) — g2(z)| | € [yo,ym] }
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/
4 Nﬂ\w’ 4
3 /ﬂ .
{
2 (( 2
\
1 1
1 2 3 4 5 0 W 1 ? 3 4 5

Figure 5. The attractors A' (left) and A? (right) of the first GIFS given in Example 3.

M :

5
4 4
3 ﬂ 3 “
. "fl\
2 2 \/V
¢
1 1 !
° ' I BE 4 5 0 1 2 3 4 5

1 2
Figure 6. The attractors of the second GIFS given in Example 3 with different vertical scaling factors.

g

respectively. Note that (F,drx) and (G,dg) are complete metric spaces; hence, F x G is also complete with

the metric d where
d((f1,91), (f2, 92)) = max{dx(f1, f2),dg (g1, 92)}.
We will define a contraction mapping on F x G using the coefficients a?ﬂ , cfﬂ , e?ﬁ , fi”ﬂ and the vertical
scaling factors df‘ﬁ < 1 of the GIFS {Rz;wiaﬁ} for a, B € {1,2} and i = 1,2,..., K*?. Employing the following
837
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affine invertible functions:

I : [xo,on] = [vic1, 2], Li(z) =af'z +ejt for i=1,.. K"

L o, ym) = [wicn, @), Li(z) = a2 g v+ el for  i=K" +1,..,N,
Ji: [zo,2n] = Wi, yi), Ji(w) = aPle + et for i=1,.. K%,

Ji o, ymr] = [Wio1,vil, Ji(z) =aP gz + e pear for  i= K241, M,
we define the mapping

T.-FxG — FxgG
T(f.9)(x,y) = (f(2),3(»)

where
F(a) e I (x) 4 A (I () + ;@ € [wiq, 1] fori=1,..., K
xTr) =
2 I (@) +d2 e g(I7 N () + fP e 3 € [wimn, ) for i = KM + 1, N,
g(y) _ c_?l‘]jil(y) + d?lf(J]*l(y)) + fj21 HN/AS [yjflayj] for ] =1, '“7K21

S e 7N W) + 432 1 g( (W) + [P g 5y € Y-,y for j= K2 1, M.

It can be easily seen that f(;vo) = Fp, f(xN) = Fn, g(yo) = Go, and §(ym) = G using equations
(6)-(9); thus, to see that T is well defined it is enough to show that f and § are continuous.
f is continuous on the intervals [z;_1, ;] since I, !'is continuous for i = 1,...,N. We must show that
f is also continuous at the points {x1,x2,...,2y_1} on which the function f is defined in two different ways.
Note that for 1 =1,2,..., K —1
flai) = ' I ) + di F(I ) + f
f(l‘z) = Czl—}-llijrll(mi) +d%-1+1f(15r11(33i)) + #1
are both equal to F; since I, *(2;) = 2x and 1;11 (z;) = xo by using (6).
For i=K"'+1,...,N—-1
fle) = gl @) + di2 gug( (@) + f2xn
f(xz) = Cﬁl—Klllz‘:}l(xi) + dzl-%-l—Kllg(Iz:rll(xi)) + il—El—Kll
are both equal to F; since I, *(z;) =y and Ii:_ll (x;) = yo by using (7).
Finally, for i = K'!,
fle) = ') + i I ) + f

f(xz) = CzlilfKHIi:}l(xi) + d}ilfl(llg(]i_-ﬁ-ll(xi)) + filfllel
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are also both equal to F; since I; !(z;) = z and I;_ll (z;) = yo by using (6) and (7), which shows the continuity
of f.
Similarly, one can show that g is continuous.

To see that T is a contraction, we need to show that

d(T(f1,91),T(f2,92)) <7 max{dz(f1, f2),dg(g1,92)}

for some 0 <r < 1. Let T(f1,01) = (fl,jl) and T(f2,92) = (fg,g"g). Since

max {‘fl(x) - fz(x”}

966[580,30;{11]

i:ﬁ}.%ﬁll{'dgl' i (17 (@) = fo (171 (@) | | @ € [wioy, @]}

< " dr(f1, f2)
o, {h@ - R@) = mpax {42l 1o (7 (@) —02 (I @) | | 2 € [eims, )

< [d"™|dg(g1. 92)

where d'' = max{|d}'| | i=1,...,K''} and d'? = max{|d}?| | i=1,...,K'?}, we get

dr(f1, f2) < max{d",d"*} max{dz(f1, f2),dg (g1, 92)}-
Similarly, we have
dg (g1, g2) < max{d*', d**} max{dz(f1, f2),dg (g1, 92)},
where d?! = max{[d?!| | i=1,..., K%'} and d*? = max{|d??| | i = 1,..., K??}. Using these results, we write
d(T(flagl)aT(f2792)) = max{d}-(fh fQ)u dg(9~17g~2)} <r max{df(fh f2)7dg(91792)}7

where r = max{d'!, d'?,d*',d?*}, which is less than 1.
From the Banach fixed point theorem, T has a unique fixed point, say (fo, go), that is T'(fo, 90) = (fo, 90)-
Let F and G be the graphs of fy and gg, respectively. Notice that for = € [xg,zy] and y € [yo, Y]

folalz 4+ ety = clo + dl fo(z) + f11 for i=1,.., K"

folal?y +ei?) = ¢y + dPgo(y) + f12 for i=1,.., K"
and

golaz + ey = 2o + dP fo(x) + f2 for i=1,.,K*

go(ay + €2?) = Py + dPgo(y) + f22 for i=1,.., K>
which imply that

Kll K12

Fo= Uul'e)uJw@)

K21 K22

G = Uwfl(F)UUw?(G).
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Since this equations system has a solution (A!, A?), it must be F' = A! and G = A? from the uniqueness of

the
A2,

= E

10

[11]

12

[13]

[14]

840

solution. Thus, the graphs of the fractal interpolation functions of fo and gg are the attractors A' and

respectively.
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