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TESTING LOG-LINEAR MODELS IN THREE-WAY CONTINGENCY TABLES USING
ORDINARY AND PENALIZED POWER-DIVERGENCE TEST STATISTICS
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ABSTRACT

Basu and Basu (1998) considered the empty cell penalty for the family of power-divergence measures, defined
by Cressie and Read (1984), in multinomial models. This penalty gives the chance to change the weight put on
empty cells in contingency tables by the family of power-divergence measures. Cressie and Pardo (2000) intro-
duced the family of ordinary power-divergence test statistics to test nested log-linear models. This family includes
the likelihood ratio and Pearson’s chi-squared test statistics. In this study, we define the family of penalized power-
divergence test statistics by using penalized power-divergence measure and penalized power-divergence estimators
in the family of ordinary power-divergence test statistics. We compare these two families of test statistics for small
samples in terms of size and power properties based on both asymptotic and finite sample (using a designed simula-
tion study) results. We consider three-way contingency tables distributed according to a multinomial distribution
with probabilities belonging to a log-linear model. Our results reveal penalization improves the size and power
properties of ordinary power-divergence test statistics.

Keywords: Contingency table, Log-linear models, Power-divergence measure, Penalized power-Divergence
measure.

UC YONLU OLUMSALLIK TABLOLARINDA LOGARITMIK-DOGRUSAL MODELLERIN
SIRADAN VE CEZALANDIRILMIS GUC-SAPMA TEST iSTATISTIKLERI ILE TEST
EDILMESI

0z

Basu ve Basu (1998) coklu 6érnekleme modellerinde Cressie ve Read (1984) tarafindan tanimlanan gii¢c-sapma
Ol¢iimleri ailesi i¢in bos hiicre cezasi tanimlamiglardir. Bu ceza olumsallik tablolarinda bos hiicrelere giig-sapma
Olciimleri tarafindan atanan agirliklart degistirme imkani tanimaktadir. Cressie ve Pardo (2000) i¢ i¢e ge¢mis loga-
ritmik dogrusal modellerin test edilmesi i¢in siradan giig-sapma test istatistikleri ailesini dnermiglerdir. Bu aile ola-
bilirlik oran testi ve Pearson’in ki-kare test istatistatistiklerini de igermektedir. Bu caligmada, siradan gii¢-sapma
test istatistikleri ailesinde cezalandirilmig giig-sapma Ol¢iimleri ve tahmincileri kullanilarak cezalandirilmig giic-
sapma test istatistikleri ailesi tanimlanmistir. Siradan giig-sapma test istatistikleri ailesi ile dnerilen cezalandirilmig
giic-sapma test istatistikleri ailesinin kii¢iik 6rneklem birinci tip hata ve gii¢ 6zellikleri 6rneklem genisligi sonsuza
giderken ve sonlu 6rneklem (6zel tasarlanmig benzetim ¢aligmasi kullanarak) durumlarina gore karsilagtirilmistir.
Benzetim g¢aligmasi i¢in olasiliklarin logaritmik-dogrusal modele uydugu ¢oklu érneklem dagilimina sahip olan tig-
boyutlu olumsallik tablolar1 baz alinmistir. Benzetim ¢alismasi sonuglari bos hiicrelere verilen cezanin siradan giig-
sapma test istatistikleri ailesinin birinci tip hata ve gii¢ 6zelliklerini gelistirdigini gostermektedir.

Anahtar Kelimeler: Cezalandirilmig gii¢c-sapma ol¢timleri, Giig-sapma olgiimleri, Logaritmik-dogrusal mod-
eler, Olumsallik tablolari.
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1. INTRODUCTION

Log-linear models describe the association pat-
terns among categorical variables by modeling ex-
pected cell counts in the contingency tables without
distinguishing between independent and dependent
variables. These models are linear in their logarithms
and as stated by Christensen (1990), they have great
advantages of flexibility and interpretability. The use
of log-linear modeling is more appropriate in situations
where applied researchers are interested in the various
pairwise and higher order associations among set of
independent variables. Lee and Viele (2001) used log-
linear models for modeling data from train waybills
particularly focusing on revealing the relationships be-
tween cargo volume and origin, destination and com-
modity type. Log-linear models are also used in sur-
vival analysis as accelareted failure time models
(Christensen, 2000). More detailed information on log-
linear models can be found in Agresti (1996), Chris-
tensen (1990), and Bishop et al. (1975).

Basu and Basu (1998) have proposed an empty
cell penalty for the power-divergence measures pre-
sented by Cressie and Read (1984). This penalty gives
the chance to change the weight put on empty cells in
contingency tables by the family of power-divergence
measures. Cressie and Pardo (2000) introduced the
family of ordinary power-divergence test statistics to
test nested log-linear models. In this paper, we define
the family of penalized power-divergence test statis-
tics. We compare the size and power properties of
these two families of test statistics for testing log-
linear models in three-way contingency tables based
on both asymptotic and finite sample (using a designed
simulation study) results. Our purpose is to show that
the family of penalized power-divergence test statistics
performs better than the family of ordinary power-
divergence test statistics for small samples.

The rest of the paper is laid out as follows: After
giving the descriptions of the log-linear models and
power-divergence measures in next section, we will
review the distributional properties of ordinary and
penalized power-divergence test statistics in section
three, and we will present our simulation results in sec-
tion four.

2. LOG-LINEAR MODELS AND POWER-
DIVERGENCE MEASURES

Let X, Y and Z be three categorical response va-
riables having /, J and K levels, respectively. When we
classify on these three variables, we have IJK possible
combinations of classifications. p;r () =P(X=1i,Y =
L Z=k,i=1,...,Lj=1,.,J;k=1,...,K, is a proba-
bility distribution of the responses (X, Y, Z) of a sub-
ject randomly chosen from a population. This distribu-
tion is assumed to be unknown, but belonging to a
known family,

P={p(0)=(p11:(0), ---,pUK(ig))Ti 0 e O}
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of distributions with components taking values on y =
{(i, ], k) € I x J x K} with parameter space ® c R’ (t <
IJK — 1). Hence, the true value, 6, of parameters vec-
tor 9=(44, ..., 0;)T e O is assumed to be unknown.

Consider a sample S, ..., S, of size n on (XY, Z).
The statistic (Nyy1, ..., Nyx)" is sufficient for statistical
model under consideratlon where N denotes the ob-
served frequency in ijk-th cell for (i, j, k) € I x J x K.
Poisson, multinomial and product-multinomial sam-
plings are among the possible sampling distributions
for (M1, .. NUK) For Poisson sampling, the total

I J K

2.2 2Ny is random. If this total is fixed, the vec-
i=l j=lk=1
tor (N1, .., NHK)T becomes multinomial. If these ob-
servations come from product-multinomial sampling,
certain of the margins are fixed. We will assume (N,

, V; JK) has multinomial distribution with probabili-
tles belonging to a general class of log-linear models,
that is ,

n/

P(Nyyy = nypy5e N g :nIJK)_/iplll(o) WPk
0y !
(1)
I J K
for n> 0 such that 3, > > n;; =n and
i=1 j=lk=1 ~
eXp(W,kﬂ)
pljk( )_ Ji ’
Z Z Zexp(wz/ka)
i=1 j=1k=1
fori=1,.,Lj=1,.,J;k=1,..,K 2)

1 x t vector wl-ka = (wl (ijk) > Wt(ijk)) in equation (2)
forms the IJK x ¢ log-linear model matrix of explanato-
ry variables W = (w1, .. W[JK) which is assumed to
have full column rank ¢ < [J K- 1. Elements of this ma-
trix are determined according to linear constraints on
the parameter vector . Columns of W are hnearly in-
dependent of the IJK x 1 column vector (1, ..., 1).
Matrix form of the log-linear model given in (2) 1s

logp(80*)=D@* 3)

Wlth* 1JK x (t + 1) “design matrix” D = (IIJKX 1» W[JKX
)0 =, 0.4, ..., 0t)T isa(t+1)x 1 column vector
with

I J K T
u=-log(¥ 3" 3" exp(w,0) )

i=1 j=lk=1

which is overall mean effect parameter and calculated
as the normalizing constant to insure

I J K

2.2 2. P (0)=1. Linear constraints on the para-
i=1 j=Ik=1 ~

(0)"1]1(



Anadolu University Journal of Science and Technology, 8 (2)

meters are as follows;

I
Z;. 1G) = 292(1) =0 (5)

1 J I K J K
2912(1']) = Zelz(ij) = Zelz(m) = 2‘913(ik) = 2‘923(ﬂ<) = ZHZJ(jk) =0
i=1 Jj=1 i=1 k=1 j=1 k=1

Since the parameter values are unknown, they
need to be estimated. When it comes to estimation,
maximum likelihood estimator (MLE) is the mostly
used estimator. MLE is known to be efficient in regu-
lar models but it is also known to be nonrobust
(Menéndez et al 2001). The efficiency as well as the
nonrobustness are resulting from specific properties of
the logarithmic function used in the definition of the
function (Pardo et al. 2001). By replacing the loga-
rithmic function by other functions with appropriate
properties, a new class of estimators such as minimum
¢-divergence estimators can be obtained.

¢-divergence measure is a density based diver-
gence and has been defined by Csiszar (1967) as fol-
lows;

Dy(p.q) = Zq o2 e (6)
J=1 q;

where p = (py, ..., pw)" and q= (g1, ... gm)" are discrete

probability distributions. @ is the class of all convex

functions ¢(x), x > 0, such that at x = 1, ¢(1) = 0 and

¢"()>0, and at x = 0, 04(0/0) = 0 and
00(p/0)=1lim, , ¢(u)/u . For every ¢ € @ that is
differentiable at x = 1, the function

v(x)=d(x)—¢'(1)(x—1) also belongs to ®". Then
y(x) and ¢(x) are equivalent functions with  hav-
ing additional property of y'(1)=0. See Lindsay
(1994) and Morales et al. (1995) for the asymptotic
properties of the minimum ¢-divergence estimators,

éq; = ar%rgian)(p,q) (7

An important family of ¢-divergences is the pow-
er-divergence family defined by Cressie and Read
(1984) with

1 A+l
=) e =0, h %1

AL +1) ’ (8)
by ()= xlog x-(x-1) for A >0
-logx + x -1 for L > -1
: 1 A+l
We use lim (x™ —=x) and

2O +1)
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. 1 A+l
s e &
these values. For three-way contingency tables, power-
divergence measure between p and p(8) can be de-
fined by the formula;

— X), since it is not defined at

L, (p.p(9)) =

X(k Dia;

ik

pO)=(p1,0),...p 1k (0))" are observed relative
frequencies (the estimator of saturated model) and true
probability vectors, respectively. Minimum power-
divergence estimator as the value minimizing
I, (p, p(0)) with respect to @is defined by

é{ = argmin /, (p, p(0)) (10)

0c®

For A — 0, (10) is equal to minimum Kullback-Leibler
divergence estimator which is equivalent to the MLE
of 6. There are other estimators less known than MLE
and included in the power-divergence family. For ex-
ample, (10) is equivalent to minimum Pearson’s chi-
squared estimator for A = 1, minimum Cressie-Read
divergence estimator for A = 2/3, minimum Matusita
distance estimator for A = -1/2, and minimum discrim-
ination information estimator for A — -1.

Harris and Basu (1997) have considered power-
divergence family in the following form;

A
) LLk . P B P (0) = Py
IA(I”P(Q))—EEE{M;L_H) pljk|:[pg/k(0)J 1]+ A+1 ]
(11)

The second component in (11) does not contribute
anything to the measure and comes from using

y(x)=d(x)—¢o'(1)(x—1) instead of ¢(x). Since
d(x) and y(x) are equivalent, equations given with
(9) and (11) define the same divergence.

When it comes to small samples, MLE can per-
form better in terms of efficiency than many of the
more robust estimators. Basu and Basu (1998) claim
that this unfortunate trade off between robustness and
small sample efficiency appears to be partly due to the
disproportionately large weight that these divergences
put on empty cells. To deal with that Basu and Basu
(1998) have proposed an empty cell penalty for the
minimum power-divergence estimators in multinomial
models and separated equation (11) as follows;
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I Pijk * PO =Dy | L L K pu©)
I 0 -1
w(B. P(O) = g,lz Azl o H g,-k(wj % o |TE,E Eo
pz/k¢0 pUA—O
(12)

Equation (12) is comprised of two parts; the part for
the nonempty cells and the part for the empty cells.
The second component can become very large for the
values of A closer to -1. By applying penalty on empty
cells in equation (12), we get the penalized power-
divergence family as given by (13);

1
U
?.p(0) = §IIZ kZI{M“])
p #0

~ A .
Piji Pi(0)— Py 1 K
-1 )
[ M(ﬂ)] } | ]Z 2Pu®

pl//( =0

(13)

where w is the penalty put on empty cells. By increas-
ing or decreasing the penalty, power-divergence meas-
ure can be made more or less sensitive to empty cells.
Penalized minimum power-divergence estimator can
be defined by

60" =argmin P" (p, p(9)) (14)

0e®

As it is seen, Io(p, p(0)) =P, (p,p(0)) and

1,(p, p(0)) = B> (p, p(0)), ie. when w = 1, the
penalized power-divergence puts the same weight on
empty cells as Kullback-Leibler divergence does whe-
reas when w = 0.5, it puts the same weight as Pear-
son’s chi-squared does. For the values of A < -1,
I, (P, p(0)) can not be defined even if there is only
But, this

P"(p, p(0)), since empty cells component does not

one empty cell. is not the case for

depend on A. Note that reweighting empty cells will
not alter the asymptotic properties of corresponding
estimator (Pardo and Pardo, 2003).

To test nested log-linear models H,,;: H;+ against
H, : H, with H,,; nested in H,; Cressie and Pardo
(2000, 2002) have suggested the following families of
test statistics

7)Y, = (p©0,"), p0,""y) (15

¢"(1) N

0 _ 2n N AL Y (0))
SOy, = gy o (B2 Oy N1, (b P60} (16)

where ¢, and ¢, are convex functions, and 0(;;1”) and

0 (;2(1) are defined by (10) under the models of H;.; and

H, , respectively. By using penalized power-divergence
measure and penalized minimum power-divergence
estimators instead of ordinary ones in (16), we can de-
fine the following family of penalized power-diver-
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gence test statistics

s, = ¢,2,(1){ " (p (@] - P (5. p(6L O

7)
where édiw(m) and é(fzw(l) are defined by (14) under

the models of H,.; and H,, respectively.

3. DISTRIBUTIONAL PROPERTIES OF
POWER DIVERGENCE TEST STATISTICS
UNDER NULL AND CONTIGUOUS ALTER-
NATIVE HYPOTHESES

Our work has been motivated by the work of
Cressie et al. (2003) which involves a nested sequence
of hypotheses”,

H:p=p@), 0 €0;; I=1,..,m, m<t<IJK-1,
(18)

where p(8) = (p1(0), ..., pux(0)) and 8= (61, ..., 8,
)" € @,. @, is the parameter space for the H; such that
0,c O,41C ..cO;= © cR; t<IJK-1 and dim(®,)
=d; with d,, < dm_l <...<d; =t Cressie et al. (2003)’s
strategy is to test successively,

., m-1,

H,: Hi+ against Hy,: H; [=1, .. (19)

until the first / for which H,.; is rejected as a null hy-
pothesis. Cressie et al. (2003) have used the family of
test statistics given by (15) to test these nested hypo-

theses. When T (0)(1)

specified so that the size of the test is a;

> ¢, we reject H,,,; where ¢ is

P(T(0),, >c|H ) =0;a € (0,1) (20)

Cressie and Pardo (2000, 2002) have shown that under
multinomial sampling with probabilities belonging to a
log-linear model and H,, : H;, the test statistic

T (0)((1)11) 4, converges in distribution to a chi-squared

distribution with d; - d;+degrees of freedom; / =1, ...,
m-1. Hence,

21

¢ =Ty, 1- ),

where P(Xjf < x?( p)) = p . Cressie and Pardo (2000)
have established that T (O)(l) and S(O)(Z)

asymptotically equivalent under null hypothes1s In
other words, under H,,; : H:1, S(O)(l) has chi-

squared distribution with d; - d;4 degrees of freedom;

* Dimensions are adapted to our case.
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=1, ..., m-1. The family of S(O)fbll)q)z

lihood ratio test statistic when ¢; = ¢, =9, . More-

yields the like-

over, when ¢, = ¢ and ¢, = ¢, the family yields

a statistics based on the difference of Pearson chi-
squared statistics with maximum likelihood estimation
used to obtain expected frequencies (e.g., Agresti
(1996, p. 197)). However, the nonnegativity of

S(O)fbll) 4, does not hold when ¢, # ¢, (Cressie and

Pardo, 2000). Thus, for the case considered by Agresti,
the difference of Pearson chi-squared statistics is not
necessarily nonnegative.

On the contrary to H,,; theoretical results for
T (O)Etll) s, and S (O)Etll) s, under alternative hypothes-

es are not easy to obtain except for an appropriately
specified sequence of contiguous alternatives (also
known as Pitman alternatives). Regarding these alter-
natives, Haberman (1974) was the first to study them.
He has proved that the asymptotic distribution of the
likelihood ratio and Pearson’s test statistics under the
sequence of contiguous alternatives is non-centrally
chi-squared with d; - d;+; degrees of freedom. Oler
(1985) and Fenech and Westfall (1988) have presented
studies regarding these contiguous alternative hypo-
theses in multinomial populations with probabilities
belonging to log-linear models. Later, Cressie et al.
(2003) have defined the sequence of contiguous alter-
native hypotheses;

Hiyy i p=p,0)=p@)+s/vns 0 € Oui,n 2 ng>0,
(22)

which is contiguous to the null hypothesis H;; where

§ = (81,8 ) is a fixed IJK x 1 vector such that
I J K

> Zsijk =0 and n is the total count parameter of
i=1 j=1k=1

the multinomial distribution. For multinomial sam-

pling with probabilities belonging to a log-linear mod-

el, they have proved that under the sequence of conti-

guous alternative hypotheses given by (22), T(O) fpll)q)z

has non-central chi-squared distribution with d; - d;+;
degrees of freedom; / = 1, ..., m-1. Non-centrality pa-
rameter for this distribution is,

w=s"diag(p(0) "> )( Ay, — A.))diag(p(0)"?)s > (23)
where

Ay =diag pO)"* )Zpo W Wi, ZpoWii) ) Wi Epdiag pOY 2 )
i=11+1.

Wi = Wi, ..., wyk)' is IJK x t log-linear model ma-
trix of explanatory variables under the model H;, i =/,
I+1, and 2 pg) = diag p@) - p@p@". So, as n

—>0,
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Ty = POy —dpyn > € (24)

—dpi1.n

where T,

I
= P(T(O)g,l)’q)z > CHl+l,n)
Based on the results established by Cressie and
Pardo (2000), Haberman (1974), Oler (1985) and Fe-
nech and Westfall (1988), there is no doubt about that

T (O)g]) 4, and S (O)Ebll) s, are asymptotically equiva-

lent under the sequence of contiguous alternative hy-
potheses given by (22). In this paper, we compare

S (O)‘(b? b and S(P W)((;I) b in terms of size and power

properties for testing nested log-linear models in
three-way contingency tables under the assumption of
multinomial sampling. As mentioned by Basu and Ba-
su (1998), the family of penalized power-divergence
test statistics has the same asymptotic distribution with
the family of ordinary power-divergence measures
since they differ only in empty cells. Hence, we only
focus on small sample properties of these test statistics.
Our comparison is based on both asymptotic and finite
sample (using a designed simulation study) results. We
describe these results in following section.

4. SIMULATION STUDY

In simulation study, we consider the case of 2 x 2
x 2 contingency tables, so we have eight possible
combinations, i.e. IJK = 8. Among the nested models,
we consider the following two hypotheses for brevity.

H1k: pi(@)=exput 0i1y+ 025+ O30 t0 1 15 i,
S k=1,2

Hy:pu(@)=exp[u+ 0o+ 025+ Osw]; i), k= 1,2

Following Oler (1985), we chose moderate main ef-
fects exp [0 11)] = exp [0 )] = exp [0 1)] = 5/6 and
big interaction effect exp [ 12a1)] = 3/4  with the li-
near constraints given by (5). Overall mean effect pa-
rameter u is calculated as given by (4).

Let po € Hyy and py , € Hy,. Here, p;, , is sub-
scripted with n, since its entries may depend on n. By
this simulation study, we want to obtain the following
exact probabilities:

(1) 1
ocf(o) = P(S(O)f;l{ "> c‘ Do) nf“))‘ - P(S(0), > c‘ Pin)
(25)

wy (1 : (D )
@l = PSP, > dpa) w2 PSP, > dp)
(26)
Penalization values (w) are chosen as 0.5 and 1. As
mentioned above, the nonnegativity of § (O)fbll) 4, does

not hold when ¢, # ¢,. Thus, we only consider the
combinations with ¢, =, = ¢, with 1 =-0.9, -0.8,
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-0.7, -0.6, -0.5, 0, 2/3, 1. The other important reason to
chose ¢; =¢, =, other than getting nonnegative
test statistics is that it seems quite reasonable to match

¢; and ¢, as mentioned by Read and Cressie (1988,
p-32).

Our design for the simulation study is similar to
the one carried out by Cressie et. al (2003). For a given
Ppo which is defined by (27), the various choices of n
and p;, , represent the design.

Po € Hy: pi(@)=exp [ut+0i+6 y+Bwl; i, J, k:(l, 2)
27

Sample sizes considered for this simulation study are »

=15, 25, 35. To show that S(O)fblu),% and S(Pw)fi)ll)’d)2

are asymptotically chi-squared with d; - d;+; degrees of
S(O)(l)

n

freedom under H,, we have also calculated o

(Pw)(l

)
and a5 for n =45, 75. p; . is chosen as both a

contiguous and a fixed alternative which are defined
by (28) and (29), respectively.

* 25
P, =Pt ?(Pl Do), (28)

preH: p(O)=exp [utOy i+ oyt GsuytOnapls 1, j, k=1, 2
(29)

As noticed, p; is also used in the definition of conti-
%

guous alternative. As n increases, p,, converges to po

. * .
at the rate of n™"%; that is {p1 . } is a sequence of con-

tiguous alternatives. For n < 25, the contiguous alter-
natives are further from H,,; than are fixed alternatives

and P =P

Exact probability estimations given with (25) and
(26) are obtained using 1000 simulations from the
multinomial distributions with (n, pe), (n, p;) and

(n, pjn ). All calculations have been done using Ma-

thematica 5.0 except the asymptotic power values
which are obtained by Matlab 5.3. As Cressie et. al.
(2003), we use two basic criteria for a good perfor-
mance to compare test statistics: 1) Good exact power
and size, 2) Good agreement of exact and asymptotic
probabilities. For the first criteria, we consider H,,; :
po € H, against H,,: p, € H,. For the second, we use

H,i: po € Hy against Hy, p*

1,n

To compare the test statistics, we calculate
g () =|4P ., (0, 0) - SEP, , (1, 1)| and

8> (10 = (SEP; , (0. 0) = STS ; , . 0) ™ AP ¢, (A 1)
is the asymptotic power under contiguous alternative,
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SEPc, (A,1) is the simulated exact power under con-
tiguous alternative, SEPy , (A,1) is the simulated ex-

act power under fixed alternative and S7S , (A,1) is
the simulated test size of the test statistic S (1)3)1()” bou
for i = O, P" . According to Fenech and Westfall
(1988), and Cressie et al. (2003), approximation to the

)

asymptotic power of S(7) b0y CAD be obtained by

defining p,,(ﬂ“))ép(ﬂ(z)ﬂ%s where - Ju(p@®) - p?))
n

and then substituting into the definition of p, non-
centrality parameter, and then finally p into the right

side of (24). p(H(l)) and p(0(2)) are true probability
vectors under the model H, and H,, respectively. We

consider the statistic S (i)f;()x) bo to be better than the

other statistic S()", . iff
O )00 )

g (L) < g () and g, (L) < g, (W, 1)
(30)

For these comparisons, only the statistics that satisfy
the following inequality are considered.

S(i)(l)

logit(l-a;,"" )—logit(l-a) <e (31)

where logit(p) = In( p / (1- p)), i = (O) ordinary, (P")
penalized. This inequality has been proposed by Dale
(1986) and measures the closeness of nominal size and
exact size obtained from the simulation. The two prob-
abilities are considered fairly close if they satisfy (31)
with e = 0.7. For o = 0.05, which is nominal size of the
power-divergence test statistics in this study, e = 0.7
corresponds to

N
a> @ €[0.0254,0.0959] (32)

The simulation results are given in Tables 1-9 at
the end of the manuscript under the heading of Tables.
Table 1-3, Table 4-6 and Table 7-9 show the exact size

(D )
( O(,Z(l) ), (exact power-asymptotic power) and (exact
) . ~ (D) o
power - exact size) values of S(7) 00 )00, ) > TESPECHiV
ly.Since (. pioy) = A (5. p0)) 3041, (5. pO)) = B> (5. pO)) »
we get and M _gp0sy(
& S(O);)l()(mw) S(O)‘i’m‘ﬂ’(l) =5 )¢<1>’¢u>

Thus, the values in the tables corresponding to these
estimators are equal.

— Iy
_S(P )¢(0)>¢(o)

For n = 15, the statistics that satisfy (32) corres-

) _ IO
pond to the S(O)‘i’(k)"l’(x) forA=1,2/3, S(P )¢(x),¢(x)

for 2 =-0.5, -0.6, 0.7, -0.8, 0.9 and S(P**)}’ |
(A)>P(h)
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for all of the values of A. For negative values of A, es-

pecially large negative values, exact sizes of
S (0)((;()” 6o, A far behind satisfying (32). However,

penalization improves the exact sizes of the test statis-
tics especially for large negative values of A. Increas-
ing or decreasing the penalty value affects the sensitiv-
ity of the test statistics to empty cells. This causes the
decreament of the exact size performances of some
statistics as expected. For instance, as seen in Table 2
. 1y(1) 1D
exact sizes of S(P") Sy and S(P") b b have
increased since the weight put on empty cells in these
test statistics increase with penalization value of w = 1.
The improvement in the performance of the test statis-
: )
tics S(O)dm),(b(x)
penalty for n = 15 can clearly be seen at the histograms

of the exact null distributions of § (O)g) 4, and
0):00,)
S(P*5HD

b0
Q)
S(0) $(-0.9):9(-0.9)

for large negative values of A due to

. Since the conclusions are same for

0.5y(1)
and S(P )¢(_0_9),¢(_0,9)’

)]
d(-0.8)-0(-0.8)

we only
present in here the histograms of the S(O)

and S(P**)V for brevity. Our interest is in

$(-0.8)-9(-0.8)
the right hand tail area of the histograms and how well

Xlz density approximates it.

Fig. 1b.

Fig. la.

Fig. la. Histogram of the null distribution of

1
SOy 0t S
08F(08) for n = 15 with density function of

2
X1 distribution superimposed

Fig. 1b. Histogram of the null distribution of

S(PO.S)(I)

for n = 15 with density function of
$-0.8):9(-0.8)

Xlz distribution superimposed.

. . )
Fig. la shows the histogram of S(0)¢(—0,8)>¢(—0,8) ,
where the poor approximation to the X12 density is evi-

dent from the relatively heavy tail of the statistic. On
the other hand, the right tail of the histogram
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S(PO'S )(1)

d-0) b0 1S VETY well approximated by the

X]Z density. The vertical dashed lines on the histograms
correspond to the 5% critical point of xlz (i.e.

c=%%(0.95)=3.84 as defined by (21)). The usual
o . )
likelihood ratio (S(O) 800yb00)
either. However, as seen from Table 3, penalization
improves this statistic, too. For n = 25, all of the pena-
lized  power-divergence  test  statistics  and
S(O)f;()mm for .. = 0, 1, 2/3 satisfy (32). This is al-
so the same for n= 35 with two more statistics

M) M
(5(0) d(-0.5)-0(-0.5) and §(0) 0(-0.6)-9(-0.6)
(32). Since all of the ordinary power-divergence test
statistics are all asymptotically equivalent, ordinary
power-divergence test statistics with large negative
values of A get exact sizes very close to nominal size
of 0.05 as n gets larger even though they behave en-
tirely opposite for small samples. To illustrate this be-
havior, we plot the departures of the exact sizes of

M
S(O)¢<x>’¢(x>
against the sample sizes of 15, 25, 35, 45, and 75. This
plot is given with Fig. 2. In general, as n gets larger, all
of the power-divergence test statistics satisfy Eq.(32)
by getting closer to the nominal size o = 0.05.

) does not satisty (32),

) satisfying

from the nominal size of o =0.05

0.4
0.35 4

0.3 1

Fig.2 (Exact size - Nominal size of 0.05) for

M
S(0) dn) -0

Regarding the departures of exact power of the
ordinary test statistics from their asymptotic powers
and from their exact sizes penalization improves them
especially for large negative values of A. Among all
the test statistics that satisfy (32) for n = 15, the test

0.5+(1)
S(P )¢(x),¢(x) for
M
b0
large negative values of A perform better among the
test statistics satisfying (32).

statistics which satisfy (30) are

A =-08,-0.9. For n=25and 35, S(P") with
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5. CONCLUSION AND DISCUSSION

In this paper, we have defined the family of pena-
lized power-divergence test statistics by using pena-
lized power-divergence measure and penalized power-
divergence estimators in the family of ordinary power-
divergence test statistics. Our aim was to compare the
size and power properties of ordinary and penalized
power-divergence test statistics for testing log-linear
models in three-way contingency tables for small sam-
ples. In general penalization improves the size and
power properties of the ordinary power-divergence
statistics in 2x2x2 contingency tables especially for
large negative values of A. It also appears that pena-
lized power-divergence test statistics with large nega-
tive values of A perform better than all of the ordinary
ones, including the likelihood ratio test statistic. It
seems that penalization value of w = 0.5 is better for
n=15, whereas w=1 is a better choice for =25 and
n=35.

Standard log-linear models do not allow incorpo-
ration of ordered categories which can be encountered
in lots of applied studies. One method of incorporating
such information is to specify ordered factor scores
and fit model which will no longer be log-linear
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(see, Christensen, 1990, Ch. V). The problem of
considering models in which non-linear terms have
been added was considered for the first time by Tukey
(1949) who solved the problem of testing interaction in
two-way ANOVA with one observation per cell. There
have been several extensions of this test to the models
with different functions of interactions. Alin and Kurt
(2006) give detailed review of these methods. These
are called two-stage tests procedure in which parame-
ters are first estimated using an additive model, and
then the estimates are treated as known constants for
the second stage of the test. Pardo and Pardo (2005)
have presented the families based on ¢-divergences
and studied their size and power properties for testing
non-additivity in log-linear models by using two-stage
tests procedure as a method of testing non-additivity.
Another study can be performed to see the size and
power properties of the penalized power-divergence
test statistics, especially for small samples.
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Table 1. Exact sizes of S(O)é)l()k) b under null hypothesis H,z:.py € H>

A
n 0 1 2/3 -0.5 -0.6 -0.7 -0.8 -0.9
15 0.1090  0.0560  0.0650 0.1520 0.1710  0.2050 0.2750  0.4050
25 0.0690  0.0520 0.0580 0.1110 0.1320  0.1670  0.2320  0.3390
35 0.0490  0.0370  0.0400  0.0710  0.0860  0.1050  0.1430  0.1790

Table 2. Exact sizes of S(P')"

under null hypothesis H,,;;: po € H>

b0
A
n 0 1 2/3 -0.5 -0.6 -0.7 -0.8 -0.9
15 0.1090 0.1090  0.1070  0.0910 0.0880 0.0870  0.0840 0.0810
25 0.0690 0.0660  0.0670  0.0710 0.0690 0.0650  0.0670 0.0650
35 0.0490 0.0510 0.0500 0.0530 0.0530 0.0530  0.0530 0.0520
Table 3. Exact sizes of S(P°” )<(]>1()k),¢(X) under null hypothesis H,,.py € H;
A
n 0 1 2/3 -0.6 -0.7 -0.8 -0.9
15 0.0500  0.0560 0.0530 0.0410 0.0400 0.0370 0.0340 0.0340
25 0.0570 0.0520  0.0530  0.0510 0.0500 0.0490  0.0490 0.0470
35 0.0370 0.0370  0.0360 0.0410 0.0420 0.0420  0.0430 0.0430
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Table 4. (Exact power-Asymptotic power) of S(O)t(t )
)P ()

A
n 0 1 2/3 -0.5 -0.6 -0.7 -0.8 -0.9
15 0.1489  0.0359 0.0609 0.2349 0.2569  0.3009 0.3349  0.4209
25 -0.0071 -0.0601 -0.0441  0.0509 0.0779  0.1119 0.1519  0.1989
35 -0.0103  -0.0573 -0.0403 -0.0013 -0.0023 -0.0013 -0.0013 -0.0023

Table 5. (Exact power-Asymptotic power) of S(P ! )(1) for testing H,,:pp € Hragainst Hy: pi i where py € H;

b))
A
n 0 1 2/3 -0.5 -0.6 -0.7 -0.8 -0.9
15 0.1489 0.1559 0.1519 0.0949 0.0919 0.0909  0.0839 0.0799
25 -0.0071 -0.0131 -0.0101 -0.0041 -0.0021 -0.0001 -0.0001 -0.0001
35 -0.0103  -0.0293 -0.0233 -0.0013 -0.0023 -0.0013 -0.0013 -0.0013
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. . *
1) for testing H,,,;; : po € H, against H,, : p,, where p; € H,

Table 6. (Exact power-Asymptotic power) of S(P 05 )g)l()m o, for testing Hyy:py € Hyagainst Hy: pj where py € H,,
Ao n

A
n 0 1 2/3 -0.5 -0.6 -0.7 -0.8 -0.9
15 0.0229  0.0359  0.0319 0.0079  0.0029 -0.0001 -0.0001 -0.0001
25 -0.0561 -0.0601 -0.0561 -0.0551 -0.0551 -0.0541 -0.0541 -0.0591
35 -0.0353  -0.0573  -0.0503 -0.0263 -0.0273 -0.0283 -0.0293  -0.0293

Table 7. (Exact power-Exact size) of S(0)\) for testing H,,:po € Hragainst Hy: py € H,

)00,
A
n 0 1 2/3 05 06 07 08 09
15 0.0930 0.0830 0.0850 0.1250 0.1330 0.1430 0.1160 00710
25 02010 0.1650 0.1750 02170 02230 02220 0.1970 0.1370
35 03270 02770 02910 03300 03320 03270 03090 02900

Table 8. (Exact power-Exact size) of .S (Pl)é)l()x) b for testing H,,,;1: po € H, against H,;; : p; € H,

A
n 0 1 2/3 -0.5 -0.6 -0.7 -0.8 -0.9
15 0.0930 0.0940  0.0950 0.0810 0.0780  0.0790  0.0790  0.0800
25 0.2010 0.1980  0.2000  0.2020 0.2060  0.2120  0.2100  0.2120
35 0.3270 0.2920 03050 0.3320 0.3340  0.3320  0.3330  0.3340

Table 9. (Exact power-Exact size) of S(P 05 )(1) for testing H,s: py € Hoagainst Hy:py € H;

by
A
n 0 1 2/3 -0.5 -0.6 -0.7 -0.8 -0.9
15 0.0830 0.0830 0.0830 0.0870 0.0870 0.0890  0.0920 0.0920
25 0.1640 0.1650 0.1680 0.1710 0.1720 0.1740  0.1740 0.1710

35 0.3070 0.2770  0.2880  0.3070  0.3060  0.3040 0.3040  0.3040
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